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E-mail address: xwliu@seu.edu.cnThe paper ﬁrst summarizes the orness measures and their common characteristics of some
averaging operators: the quasi-arithmetic mean, the ordered weighted averaging (OWA)
operator, the regular increasing monotone (RIM) quantiﬁer and the weighted function
average operator, respectively. Then it focuses on the aggregation properties and operator
determination methods for two kinds of quasi-arithmetic mean-based compound aggrega-
tion operators: the quasi-OWA (ordered weighted averaging) operator and the Bajraktare-
vic´ mean. The former is the combination of the quasi-arithmetic mean and the OWA
operator, while the latter is the combination of the quasi-arithmetic mean and the
weighted function average operator. Two quasi-OWA operator forms are given, where
the OWA operator is assigned directly or generated from a RIM (regular increasing mono-
tone) quantiﬁer indirectly. The orness indexes to reﬂect the or-like level of the quasi-OWA
operator and Bajraktarevic´ mean are proposed. With generating function techniques, the
properties of the quasi-OWA operator and Bajraktarevic´ mean are discussed to show the
rationality of these orness deﬁnitions. Based on these properties, two families of parame-
terized quasi-OWA operator and Bajraktarevic´ mean with exponential and power function
generators are proposed and compared. It shows that the method of this paper can also be
applied to other function-based aggregation operators.
 2009 Elsevier Inc. All rights reserved.1. Introduction
A large range of aggregation operators have been introduced in the last few years [9,1,5,7,8,37,31,53]. These operators
include the triangular norms and conorms, ordered weighted average aggregation, operators based on Choquet and Sugeno
integrals and others. For the recent theoretical and application results in this domain, we recommend the overviews
[2,5,31,43]. Among them, averaging aggregation is the most common way in practice, which makes the aggregation result
between maximum and minimum. It is commonly used in voting, multicriteria and group decision making, statistical anal-
ysis, etc. [2,3,5]. An important index to describe the characteristic of an averaging aggregation operator is the concept of or-
ness, which can make the aggregation value become some or-like (close to the maximum) or and-like (close to the
minimum) in real application problems [2,5,53].
In this paper, we will summarize the common characteristics of some averaging operators, and then propose the orness
measures for two compound quasi-arithmetic mean aggregation operators, the quasi-OWA operator and the Bajraktarevic´. All rights reserved.
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of the quasi-arithmetic mean and the RIM quantiﬁer [15,18,4]. The quasi-arithmetic mean covers a wide spectrum of means
from arithmetic, quadratic, geometric and harmonic to the general root-power and exponential means, which are commonly
used in both theory and applications [22,3,17,31,41]. The OWA operator was introduced by Yager [46]. It provides a general
class of parameterized aggregation operators that include the min; max; average. And it has been applied in many areas
such as decision making, expert systems, data mining, approximate reasoning, fuzzy system and control, etc.
[53,21,20,42,51,27]. If the OWA operator is connected with the RIM quantiﬁer [48], it can also be applied to the computing
with words theory [50]. The properties of RIM quantiﬁer correspond to the properties of OWA operator with dimension
number approaching inﬁnity [48,25,27]. Another compound quasi-arithmetic mean aggregation operator is the Bajraktarevic´
mean, which is the combination of the weighted function average and the quasi-arithmetic mean operator [3,14]. Some
properties and relevant issues of it were discussed [3,36,13]. The weighted function average is also called additive neat
OWA (ANOWA) operator [30], which is a generation of a neat OWA operator family called BADD (BAsic Defuzziﬁcation Dis-
tribution) OWA operator [52]. It can be used to aggregate the linguistic labels represented by partially ordered fuzzy num-
bers in fuzzy group decision making problems where the elements of the input vector do not have to be ordered [34,35].
Pereira and Ribeiro [38] also called this weighted function average as the generalized mixture operator, where the monoto-
nicity condition was provided.
The measure of orness was ﬁrst introduced by Dujmovic´ [10] for the power means under the name of disjunction degree.
In the following works, Dujmovic´ [11,13,12] proposed various forms of generalized conjunction/disjunction function. Yager
deﬁned the orness concept independently in the case of OWA operator [46]. It can be proved that Yager’s orness measure for
OWA operator coincides with Dujmovic´’s deﬁnition as a special case [40,32,4]. Marichal [32,33] proposed the orness deﬁni-
tion of discrete Choquet integral for multicriteria decision problems. Marichal [31] also proposed that the degrees of orness
can be deﬁned for any compensative aggregation operator. Based on the OWA operator orness, Yager [48] proposed the or-
ness of the RIM quantiﬁer with the OWA dimension number approaching inﬁnity. Calvo et al. [6] suggested an extension of
OWA operators by applying the concept of weighting triangles in place of the standard OWA weighting vector. Salido and
Murakami [40] extended the OWA orness measure to fuzzy aggregation operators. Larsen [24] proposed an orness measure
for the root-power mean in the quasi-arithmetic mean family. Yager also extended the orness concept to the generalized
OWA (GOWA) operator [49]. Pereira [39] applied the OWA orness measure directly in the mixture operator and quasi-arith-
metic mean with exponential function cases. Kolesárová and Mesiar [23] also proposed a general framework with the uni-
polar and bipolar parametric characterization of aggregation functions, where the orness/andness measure in the class of
averaging aggregation functions were discussed.
As the general orness uses the multiple integral with the integral fold number being the number of the aggregated ele-
ments, the computation becomes complicated when the number of the aggregated number is large, and furthermore, the
analytical formula of the orness measure often cannot be obtained. Some methods to measure the orness without the num-
ber of aggregated elements and the form of multiple integral were attempted. Larsen [24] proposed the orness of the quasi-
arithmetic mean with power function. Dujmovic´ [11] also proposed an orness formula for the quasi-arithmetic mean with
arithmetic operations of the generator function. Some properties were discussed. Liu [26] proposed an orness deﬁnition by
considering the formula of the quasi-arithmetic mean. Some properties and characteristics of the quasi-arithmetic mean
associated with the orness measure were analyzed and proved. Liu and Lou [30] also proposed an orness deﬁnition for
the weighted function average operator. The rationality of these orness deﬁnitions and the function determination methods
for the quasi-arithmetic mean and the weighted function average were discussed. A common feature of these orness deﬁ-
nitions is that they are independent on the dimension number of the aggregated input vector, where the multiple integral
can be avoided. The orness value keeps as a constant for the same function deﬁnition of different dimension instantiations.
The orness formula can be obtained and some properties of these aggregation operators can be revealed [26,30]. Another fact
is that both the orness deﬁnitions of quasi-arithmetic mean and weighted function average operator demonstrate some com-
mon characteristics, which are also held by the orness concepts of the OWA operator and the RIM quantiﬁer. A summary of
these results are given in Section 2.
Based on the summary of the orness measures of some related aggregation operators, we will try to connect these
orness measures together by considering two kinds of compound aggregation operators: the quasi-OWA operator and the
Bajraktarevic´ mean. As an extension of the quasi-arithmetic mean orness, we will propose the orness measures for the qua-
si-OWA operator and the Bajraktarevic´ mean, respectively. Two extension forms of the quasi-OWA operator are proposed,
where the quasi-OWA operator orness either is the combination of the quasi-arithmetic mean and the OWA operator or
the combination of the quasi-arithmetic mean and the RIM quantiﬁer, respectively. It is also a generalization of the GOWA
operator orness. Similarly, the orness measure of the Bajraktarevic´ mean [3] is also proposed, which is the combination of the
quasi-arithmetic mean [26] orness and the weighted function average orness deﬁnitions [30]. Some properties associated
with these orness measures are discussed with the generating function techniques. Two parameterized quasi-OWA operator
and Bajraktarevic´ mean families with exponential functions and power functions are proposed. The quasi-OWA operator and
Bajraktarevic´ mean with exponential functions are symmetrical to their orness parameters, and are also shift invariant, but
those with the power functions are ratio invariant. Some properties of them are discussed and compared. With these results,
we can further understand the characteristics of these aggregation operators and their orness measures. Furthermore, these
orness deﬁnition methods can also be extended to other function-based operators. As the compound aggregation operators
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compound aggregation operators and other averaging operators both in theory and applications.
The remainder of this paper is organized as follows. Section 2 summarizes some common properties and characteristics of
the orness measures for the OWA operator, the RIM quantiﬁer, the quasi-arithmetic mean and the weighted function average
operators, respectively. Section 3 proposes an orness measure for quasi-OWA operator. Some properties associated with this
orness measure are discussed, which verify the rationality of this orness deﬁnition. Two parameterized quasi-OWA operators
with exponential functions and power functions in the OWA operator and quasi-arithmetic mean generators are given,
respectively. Some properties of them are discussed. Similarly, Section 4 proposes an orness measure for the Bajraktarevic´
mean. Two parameterized Bajraktarevic´ mean with exponential functions and power functions in the weighted function
average and quasi-arithmetic means generators are also proposed, respectively. Section 5 gives some discussions on the
common characteristics of these orness measures and also some comparisons on the orness properties of the quasi-OWA
operator and the Bajraktarevic´ mean. Section 6 summarizes the main results and draws conclusions.
2. A summary on the orness of some related aggregation operators
Here, we will give a summary on the orness deﬁnitions and their properties for the aggregation operators. Some common
characteristics of these orness measures can be observed. The origin and proofs of these conclusions can be found in the re-
lated references.
2.1. The orness measures for quasi-arithmetic mean
Deﬁnition 1. Let f be a continuous strictly monotone function. For input vector X ¼ ðx1; x2; . . . ; xnÞ 2 ½a; bn, a quasi-
arithmetic mean can be deﬁned as the aggregation operator Mf : ½a; bn ! ½a; b given byMf ðx1; x2; . . . ; xnÞ ¼ f1 1n
Xn
i¼1
f ðxiÞ
 !
ð1Þwhere f1 is its inverse function. f is called a generator of the quasi-arithmetic mean Mf . The aggregation results can be de-
noted as Mf ðXÞ.
The general orness measure for a mean aggregation operator Mðx1; x2; . . . ; xnÞ 2 ½0;1n can be deﬁned as [10]:ornessðMÞ ¼ EðMÞ  EðminÞ
EðmaxÞ  EðminÞ ð2Þwhere E is the expectation value on ½0;1n. With EðmaxÞ ¼ nnþ1 ; EðminÞ ¼ 1nþ1, (2) can be expressed more speciﬁcally:ornessðMÞ ¼ ðnþ 1Þ
R 1
0
R 1
0   
R 1
0 Mðx1; x2; . . . ; xnÞdx1dx2   dxn  1
n 1 ð3ÞFor quasi-arithmetic mean with generator f ðxÞ, (3) can also be expressed as:ornessðMf Þ ¼
ðnþ 1Þ R 10 R 10    R 10 f1 1nPni¼1f ðxiÞ dx1dx2   dxn  1
n 1 ð4ÞThis orness deﬁnition is widely recognized and used in various applications and extensions [31,?,16,32,33,4]. However,
when it is applied to the function-based aggregation operators, especially the quasi-arithmetic mean case, as the orness level
associates with the dimension number of the input vector with multiple integral comoutation, we cannot obtain the orness
formula in analytical form even under the most commonly used conditions except for some special cases. Some character-
istics of the aggregation operators cannot be revealed.
As an example, for quasi-arithmetic mean (1) on ½0;1n, it seems that the general orness formula (3) can only be analytical
expressed for generator functions f ðxÞ ¼ x and f ðxÞ ¼ lnðxÞ, which correspond to the cases of arithmetic average and geomet-
ric average, respectively [4, p. 54]. It is difﬁcult to get the orness formula even for the very simple case of f ðxÞ ¼ x2 with n ¼ 3,
and it is usually computed in numerical way:ornessðMf Þ ¼ 2
Z 1
0
Z 1
0
Z 1
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
3
x21 þ x22 þ x22
 r
dx1dx2dx3  12 ¼ 0:6092From (4), for quasi-arithmetic mean with power function generator f ðxÞ ¼ xr , when r ¼ 1, the quasi-arithmetic mean be-
comes the ordinary arithmetic average. The orness level is 12, which is neither and-like nor or-like. From (1) and (4), it can also
be observed that on ½0;1n, when r > 1, the quasi-arithmetic mean is or-like, and the bigger value of r is, the more or-like the
aggregation operator will be. Here, a problem arises, if we want to obtain a quasi-arithmetic mean with given orness level,
say ornessðMf Þ ¼ 0:7 and n ¼ 5, how the parameter r in f ðxÞ ¼ xr can be determined? It seems that this general orness def-
inition is not convenient for such computation.
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and the weighted function average, there are facts that the or-like or and-like property of the aggregation operator is just
determined by the generator function itself. Such orness deﬁnition makes the orness value change with the dimension num-
ber for the same function deﬁnition. Some orness deﬁnitions for quasi-arithmetic mean which is independent on the dimen-
sion number were proposed [11,24,26].
Next, we will give some results of [11,26]. Dujmovic´ [11,14] proposed an orness measure which is directly computed with
the generator function f ðxÞ for xi 2 ½0;1:xf ¼
f ð1Þ  R 10 f ðxÞdx
f ð1Þ  f ð0Þ ð5ÞWith (5), it is observed that:
Proposition 1 [11]. If f 0ðxÞf 00ðxÞ < 0, then xf < 0:5, the quasi-arithmetic mean is and-like, and if f 0ðxÞf 00ðxÞ > 0, then xf > 0:5,
the quasi-arithmetic mean is or-like.
Liu [26] proposed another orness formula considering the expression of quasi-arithmetic mean, and some properties were
discussed with the generating function technique. We will introduce the main results for the summary of the common prop-
erties of orness concepts and the comparison with (5).
Deﬁnition 2 [26]. The orness measure of a quasi-arithmetic mean (1) determined by generator f ðxÞ can be deﬁned as:Xf ¼
f1
R b
a
f ðxÞdx
ba
 !
 a
b a ð6ÞProposition 2 [26]. 0 < Xf < 1.
Proposition 3 [26]. If X ¼ ðx1; x2; . . . ; xnÞ is evenly distributed on ½a; b, that is xi ¼ aþ nin1 ðb aÞ, then
limn!þ1Mf ðXÞ ¼ aþXf ðb aÞ.
Proposition 4 [26]. Xf ðxÞ þXf ðaþbxÞ ¼ 1.
Proposition 5 [26]. For all X ¼ ðx1; x2; . . . ; xnÞ; MkfþcðXÞ ¼ Mf ðXÞ; Xkfþc ¼ Xf ðk– 0Þ.
Proposition 5 means that the quasi-arithmetic mean is invariant for linear transformation of the generator. For any quasi-
arithmetic meanMf on ½a; b, we can always choose a generator g such that g is increasing, gðaÞ ¼ 0 and gðbÞ ¼ 1, that makes
g ¼ kf þ c ðk– 0Þ such that Mg ¼ Mf and Xg ¼ Xf . This continuous, strictly monotonic increasing, non-negative function
family on a closed interval ½a; b is denoted by F.
To further analyze the properties of quasi-arithmetic mean, a generating function representation method of f ðxÞ was
proposed.
Deﬁnition 3 [26]. For any mapping u on ½a; b and a generator of quasi-arithmetic mean f ðxÞ 2F; uðxÞ is called the
generating function of f ðxÞ, if it satisﬁesf ðxÞ ¼
Z x
a
uðtÞdtwhere uðtÞP 0, and R ba uðtÞdt ¼ 1.
With any uðxÞ; f ðxÞ can be uniquely determined, and vice versa. If f ðxÞ is differentiable, uðxÞ can be set as its ﬁrst order
differential function f 0ðxÞ directly. Some properties associated with the orness measure were discussed.
Proposition 6 [26]. For quasi-arithmetic mean generator f ðxÞ; gðxÞ with generating functions uðxÞ and wðxÞ, respectively, if for
all s; t 2 ½a; b; s > t; uðsÞuðtÞP ð>Þ wðsÞwðtÞ, then Xf P ð>ÞXg , and for any X ¼ ðx1; x2; . . . ; xnÞ 2 ½a; bn; Mf ðXÞP MgðXÞ.
If gðxÞ ¼ x, then wðxÞ ¼ 1; Xg ¼ 12, and MgðXÞ ¼ AðXÞ ¼ 1n
Pn
i¼1xi. From Proposition 6, it can be easily obtained that:
Corollary 1 [26]. For any quasi-arithmetic mean generator f ðxÞ 2F with generating function uðtÞ on ½a; b and
X ¼ ðx1; x2; . . . ; xnÞ 2 ½a; bn, if f ðxÞ is (strictly) convex, which means that uðtÞ is (strictly) increasing on ½a; b, then Xf P ð>Þ 12,
and Mf ðXÞP 1n
Pn
i¼1xi, the operator is or-like; if f ðxÞ is (strictly) concave, which means that uðtÞ is (strictly) decreasing on ½a; b,
then Xf 6 ð<Þ 12, and Mf ðXÞ 6 1n
Pn
i¼1xi, the operator is and-like.
If the generating function is differentiable and nonzero, the premise of Proposition 6 can be replaced with a more sim-
pliﬁed form.
Proposition 7 [26]. For quasi-arithmetic mean generators f ðxÞ; gðxÞ with differentiable generating functions uðxÞ; wðxÞ,
respectively, if for all t 2 ½a; b; u0 ðtÞuðtÞ P ð>Þ w
0ðtÞ
wðtÞ , then Xf P ð>ÞXg, and for any X ¼ ðx1; x2; . . . ; xnÞ 2 ½a; bn; Mf ðXÞP MgðXÞ.
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0 ðtÞ
uðtÞ ¼ f
00ðxÞ
f 0 ðxÞ. As
f 00 ðxÞ
f 0 ðxÞ does not change if f ðxÞ is replaced with f ðxÞ, with
Proposition 5, f ðxÞ and f ðxÞ can be seen as the same both in data set aggregation and the orness value computation. Prop-
osition 7 can be expressed as
Corollary 2. For quasi-arithmetic mean generators f ðxÞ and gðxÞ, if for all x 2 ½a; b; f 00ðxÞf 0 ðxÞ P ð>Þ g
00ðxÞ
g0 ðxÞ , then Xf P ð>ÞXg, and for any
X ¼ ðx1; x2; . . . ; xnÞ 2 ½a; bn; Mf ðXÞP MgðXÞ.
It can be derived that f
00ðxÞ
f 0 ðxÞ reﬂects the orness extent of a quasi-arithmetic mean. The bigger the
f 00 ðxÞ
f 0 ðxÞ value is, the more or-
like the quasi-arithmetic mean will be. Furthermore, as when gðxÞ ¼ x; Xg ¼ 12, we can get that, if f
00 ðxÞ
f 0 ðxÞ < 0, then
Xf < 12 ; Mf ðXÞ 6 1n
Pn
i¼1xi, the quasi-arithmetic mean is and-like. If
f 00 ðxÞ
f 0 ðxÞ > 0, then Xf >
1
2 ; Mf ðXÞP 1n
Pn
i¼1xi, the quasi-arithme-
tic mean is or-like. These can be seen as an extension of Proposition 1 in [11].
2.2. The orness measure for OWA operator
An OWA operator of dimension n is a mapping FW : Rn ! R that has an associated weighting vector W ¼ ðw1;w2; . . . ;wnÞ
having the properties [46]w1 þw2 þ    þwn ¼ 1; 0 6 wi 6 1; i ¼ 1;2; . . . ;nand such thatFWðXÞ ¼ FWðx1; x2; . . . ; xnÞ ¼
Xn
j¼1
wjyj ð7Þwith yj being the jth largest of the xi.
The degree of ‘‘orness” associated with this operator is deﬁned as [46]:ornessðWÞ ¼
Xn
j¼1
n j
n 1wj ð8ÞThe max, min and average correspond to W; W and WA, respectively, where W
 ¼ ð1;0; . . . ;0Þ; W ¼ ð0;0; . . . ;1Þ and
WA ¼ 1n ; 1n ; . . . ; 1n
 
, that is FW ðXÞ ¼ min16i6nfxig, FW ðXÞ ¼ max16i6nfxig and FWA ðXÞ ¼ 1n
Pn
i¼1xi ¼ AðXÞ. Obviously,
ornessðWÞ ¼ 1; ornessðWÞ ¼ 0 and ornessðWAÞ ¼ 12.
From (8), some properties about OWA operator are listed in the following.
Proposition 8. 0 6 ornessðWÞ 6 1.
Proposition 9. If X ¼ ðx1; x2; . . . ; xnÞ is evenly distributed on ½a; b, that is xi ¼ aþ nin1 ðb aÞ, then
FWðXÞ ¼ aþ ornessðWÞ  ðb aÞ.
Proposition 10 [47, p. 127]. For OWA operator weighting vector W ¼ ðw1;w2; . . . ;wnÞ; ornessðWÞ ¼ a, then for the reverse
order of W ; fW ¼ ðwn;wn1; . . . ;w1Þ; ornessðfW Þ ¼ 1 a, that is ornessðWÞ þ ornessðfW Þ ¼ 1.
Proposition 11 [29, p. 167]. For OWA weighting vector W ¼ ðw1;w2; . . . ;wnÞ; W 0 ¼ w01;w02; . . . ;w0n
 
, if wiwiþ1 P
w0
i
w0
iþ1
,
i ¼ 1;2; . . . ;n 1, then ornessðWÞP ornessðW 0Þ and for all X ¼ ðx1; x2; . . . ; xnÞ; FWðXÞP FW 0 ðXÞ.
IfW 0 ¼ WA ¼ 1n ; 1n ; . . . ; 1n
 
; ornessðW 0Þ ¼ 12 and FWðXÞ ¼ AðXÞ ¼ 1n
Pn
i¼1xi. From Proposition 11, it can be easily obtained that:
Corollary 3 [29, p. 169]. For an OWA operator W ¼ ðw1;w2; . . . ;wnÞ, if w1 P w2 P   P wn, then ornessðWÞP 12, and
FWðXÞP 1n
Pn
i¼1xi; if w1 6 w2 6    6 wn, then ornessðWÞ 6 12 and FWðXÞ 6 1n
Pn
i¼1xi.
The former means that the OWA aggregation is or-like and the latter means the OWA aggregation is and-like.
2.3. The orness measure for RIM quantiﬁer with quantiﬁer guided OWA aggregation
In [48], Yager proposed a method for obtaining the OWA weighting vectors via fuzzy linguistic quantiﬁers, especially the
RIM quantiﬁer, which can provide information aggregation procedures guided by verbally expressed concepts and a dimen-
sion independent description of the desired aggregation.
Deﬁnition 4. A fuzzy subset Q of the real line is called a regular increasing monotone (RIM) quantiﬁer if Qð0Þ ¼ 0; Qð1Þ ¼ 1,
and QðxÞP QðyÞ for x > y.
With a RIM quantiﬁer Q, the OWA weighting vector can be obtained as:wj ¼ Q jn
 
 Q j 1
n
 
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Xn
i¼1
Q
j
n
 
 Q j 1
n
  
yjYager also extended the orness measure of OWA operator, and deﬁned the orness of a RIM quantiﬁer Q [48]:ornessðQÞ ¼ lim
n!1
Xn
j¼1
n j
n 1 Q
j
n
 
 Q j 1
n
  
¼ lim
n!1
1
n 1
Xn1
j¼1
Q
j
n
 
¼
Z 1
0
QðxÞdxThe orness degree of a RIM quantiﬁer is equal to the area under its membership function.
To analyze the properties of RIM quantiﬁer, a generating function representation method was proposed, and the relation-
ship between OWA operator and RIM quantiﬁer was provided, where the RIM quantiﬁer can be seen as the continuous case
of OWA operator with dimension free in mathematical view [25].
Deﬁnition 5 [25]. For a RIM quantiﬁer QðxÞ; qðxÞ is called the generating function of QðxÞ, if it satisﬁesQðxÞ ¼
Z x
0
qðtÞdt ð9Þwhere qðtÞP 0 and R 10 qðtÞdt ¼ 1.
Obviously, for any RIM quantiﬁer QðxÞ, its generating function qðxÞ exists. If QðxÞ is differentiable, qðxÞ can be set as its ﬁrst
order differential function Q 0ðxÞ directly.
The orness of QðxÞ can be represented asornessðQÞ ¼
Z 1
0
QðxÞdx ¼
Z 1
0
Z x
0
qðtÞdtdx ¼
Z 1
0
Z 1
t
qðtÞdxdt ¼
Z 1
0
ð1 tÞqðtÞdt ð10ÞThe similarities between (8) and (10) can be observed. Furthermore, it can also be veriﬁed that
ornessðQ Þ ¼ 1; ornessðQ Þ ¼ 0 and ornessðQAÞ ¼ 12.
The properties of RIM quantiﬁer which correspond to that of OWA operator can be obtained [28,25,27].
Proposition 12. 0 6 ornessðQÞ 6 1.
Proposition 13. If X ¼ ðx1; x2; . . . ; xnÞ is evenly distributed on ½a; b, that is xi ¼ aþ nin1 ðb aÞ, then
limn!þ1FQ ðXÞ ¼ aþ ornessðQÞðb aÞ.
Proposition 14 [25, p. 584]. For RIM quantiﬁers QðxÞ and GðxÞ with generating functions qðxÞ and pðxÞ, respectively, if
pðxÞ ¼ qð1 xÞ, then ornessðQÞ þ ornessðGÞ ¼ 1.
Proposition 15 [28, Theorem 1]. For RIM quantiﬁers QðxÞ; GðxÞ with their generating functions qðxÞ; pðxÞ, if for all
s; t 2 ½0;1; s 6 t; qðsÞpðtÞP qðtÞpðsÞ, then ornessðQÞP ornessðGÞ, and for any X; FQ ðXÞP FGðXÞ.
Let pðxÞ ¼ 1 in Proposition 15, then GðxÞ ¼ x, soornessðGÞ ¼ 1
2
; FGðXÞ ¼ FQA ðXÞ ¼ AðXÞ ¼
1
n
Xn
i¼1
xithus
Corollary 4. For RIM quantiﬁer QðxÞ with generating function qðxÞ, if QðxÞ is convex, which means that qðxÞ is increasing, then
ornessðQÞ 6 12, and for any X; FQ ðXÞ 6 1n
Pn
i¼1xi; if QðxÞ is concave, which means that qðxÞ is decreasing, then ornessðQÞP 12, and
for any X; FQ ðXÞP 1n
Pn
i¼1xi.
If the generating function is differentiable and positive, the premise of Proposition 15 can be replaced with a more sim-
pliﬁed form.
Proposition 16 [28, Theorem 3]. For RIM quantiﬁers QðxÞ; GðxÞ with generating functions qðxÞ; pðxÞ, respectively, if for all
x 2 ½0;1; q0ðxÞqðxÞ 6 p
0ðxÞ
pðxÞ , then ornessðQÞP ornessðGÞ, and for any X, FQ ðXÞP FGðXÞ.
Without the generating function, Proposition 16 can be expressed as
Corollary 5. For RIM quantiﬁers QðxÞ; GðxÞ, if for all x 2 ½0;1; Q 00 ðxÞQ 0ðxÞ 6 G
00
G0ðxÞ, then ornessðQÞP ornessðGÞ, and for any
X; FQ ðXÞP FGðXÞ.
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In [52,47], Yager and Filev proposed the argument dependent method to generate OWA operator weights with power
function f ðxÞ ¼ xr . For input vector X ¼ ðx1; x2; . . . ; xnÞ, the aggregation weights can be generated with wj ¼ xaj
Pn
i¼1x
a
i

that
(7) becomes FðXÞ ¼Pni¼1xaþ1j .Pni¼1xai . Yager called it the BADD (BAsic Defuzziﬁcation Distribution) aggregation methods.
He also called it ‘‘neat” as the order information of the aggregated elements is not needed.
In [30], Liu and Lou extended it to the weighted function average operator, which was once called the Additive Neat OWA
(ANOWA) operator. An orness measure for the weighted function average operator was proposed.
Deﬁnition 6 [30]. For input vector X ¼ ðx1; x2; . . . ; xnÞ; xi 2 ½a; b, and wðxiÞ – 0 for at least one i, the weighted function
average (ANOWA operator) is determined by weighting function wðxÞ with weighs Ww ¼ ðw1;w2; . . . ;wnÞ deﬁned aswi ¼ wðxiÞPn
j¼1wðxjÞThe aggregation result isFwðXÞ ¼
Xn
i¼1
wixi ¼
Xn
i¼1
xiwðxiÞPn
j¼1wðxjÞ
ð11ÞDeﬁnition 7 [30]. For X ¼ ðx1; x2; . . . ; xnÞ; xi 2 ½a; b, and the weighted function average operator deﬁned by (11) with wðxÞ,
the orness measure of wðxÞ on ½a; b can be deﬁned as:Xw ¼
R b
a ðx aÞwðxÞdx
ðb aÞ R ba wðxÞdx ð12Þ
As wðxÞP 0; 0 < xaba < 1 ðx 2 ða; bÞÞ, so we have
Proposition 17. 0 < Xw < 1.
Proposition 18 [30]. If X ¼ ðx1; x2; . . . ; xnÞ is evenly distributed on ½a; b, that is xi ¼ aþ nin1 ðb aÞ; i ¼ 1;2; . . . ; n, and
Ww ¼ ðw1;w2; . . . ;wnÞ are the weights generated with weighted function average operator of wðxÞ, then
limn!þ1ornessðWwÞ ¼ Xw.
From Proposition 9, when X ¼ ðx1; x2; . . . ; xnÞ is evenly distributed on ½a; b, that is xi ¼ aþ nin1 ðb aÞ; i ¼ 1;2; . . . ;n, thenFwðXÞ ¼
Xn
i¼1
aþ n i
n 1 ðb aÞ
 
wi ¼ aþ ðb aÞornessðWwÞTherefore, an alternative form of Proposition 18 can be expressed as
Proposition 19. If X ¼ ðx1; x2; . . . ; xnÞ is evenly distributed on ½a; b, that is xi ¼ aþ nin1 ðb aÞ; i ¼ 1;2; . . . ;n, then
limn!þ1FwðXÞ ¼ aþ ðb aÞXw.
Proposition 20 [30]. XwðxÞ þXwðaþbxÞ ¼ 1.
Proposition 21 [30]. For weighted function average operators with weighting function w1ðxÞ and w2ðxÞ, respectively, if for all
x; y 2 ½a; b; xP y; w1ðxÞw2ðyÞ w2ðxÞw1ðyÞP 0, then Xw1 P Xw2 on ½a; b, and for all X ¼ ðx1; x2; . . . ; xnÞ; xi 2 ½a; b;
Fw1 ðXÞP Fw2 ðXÞ.
Let w2ðxÞ ¼ 1 in Proposition 21, then Xw2 ¼ 12 ; Fw2 ðXÞ ¼ AðXÞ ¼ 1n
Pn
i¼1xi, thus
Corollary 6 [30]. For a weighted average function wðxÞ, if wðxÞ is monotone increasing then Xw P 12, and for any n-elements
X ¼ ðx1; x2; . . . ; xnÞ; FwðXÞP 1n
Pn
i¼1xi, which means it is or-like; if wðxÞ is monotone decreasing, then Xw 6 12, and
FwðXÞ 6 1n
Pn
i¼1xi, which means it is and-like.
If the weighting function is differential and positive, the condition of Proposition 21 can be replaced with a more simpli-
ﬁed form.
Proposition 22 [30]. For weighting function w1ðxÞ; w1ðxÞ, if for all x 2 ½a; b; w
0
1ðxÞ
w1ðxÞP
w02ðxÞ
w2ðxÞ, then Xw1 P Xw2 , and for all
X ¼ ðx1; x2; . . . ; xnÞ; xi 2 ½a; b; Fw1 ðXÞP Fw2 ðXÞ.
From the summary of these orness deﬁnitions and the relevant properties of these aggregation operators, it can be easily
observed that these orness concepts hold some common characteristics despite their different forms and backgrounds. For
an averaging aggregation function F, where F can be one of the above four categories, its orness measure of ornessðFÞ
should satisfy the following four properties:
312 X. Liu / International Journal of Approximate Reasoning 51 (2010) 305–3341. Standardization: 0 6 ornessðFÞ 6 1, which is shown in Propositions 2, 8, 12 and 17. In Propositions 2 and 17, ‘‘ <” also
becomes ‘‘ 6” with the limit conditions taking into consideration. We also have that ifF becomes or approaches the max-
imum operator, then ornessðFÞ ¼ 1, if F becomes or approaches the minimum operator, then ornessðFÞ ¼ 0, and if F
becomes the arithmetic average operator, then ornessðFÞ ¼ 12. This is shown in Corollaries 1, 3, 4 and 6.
2. Uniformity: If the input vector X ¼ ðx1; x2; . . . ; xnÞ distributes evenly on ½a; b, then FðXÞ ¼ aþ ornessðFÞðb aÞ or
limn!þ1FðXÞ ¼ aþ ornessðFÞðb aÞ, which means that the aggregation value reﬂects the orness extent exactly if the
aggregated elements distributed evenly. This is shown in Propositions 3, 9, 13 and 19.
3. Duality: There are always a pair of dual operatorsF andF0, which satisfy ornessðFÞ þ ornessðF0Þ ¼ 1. This is shown in
Propositions 4, 10, 14 and 20.
4. Consistency: There is a condition that for any input vector X ¼ ðx1; x2; . . . ; xnÞ; ornessðFÞ andFðXÞ can always change in
the same manner. This is shown in Propositions 6, 11, 16 and 22.
These properties make it possible to construct a parameterized aggregation operator family, which makes FðXÞ change
monotonically with ornessðFÞ, with ornessðFÞ ¼ 0, 12, 1 corresponding to max16i6nfxig; 1n
Pn
i¼1xi; min16i6nfxig, respectively.
For more details of these parameterized aggregation operators, we recommend [30,26,25,29].
3. The orness measure for quasi-OWA operator and its properties
Next, instead of discussing the orness of aggregation operators in their simple way, we will study the orness deﬁnition
and their properties with two kinds of quasi-arithmetic mean-based compound aggregation operators: the quasi-OWA oper-
ator and the Bajraktarevic´ mean. The former is the combination of quasi-arithmetic mean and RIM quantiﬁer (OWA opera-
tor), while the latter is the combination of quasi-arithmetic mean and the weighted function average. The orness properties
such as standardization, uniformity, duality and consistency of the aggregation operators are still held but demonstrated in a
compound way.
With the study of these two kinds of compound aggregation operators, we can better understand the characteristics of
aggregation operators and the orness deﬁnitions about them. Furthermore, as the complicated forms of these two kinds
of compound aggregation operators, the researches on their properties and characteristics are relatively sparse. The study
of the orness concepts and the corresponding properties of these compound aggregation operators should be helpful for
the further research of them both in theory and applications.
3.1. An orness measure for quasi-OWA operator
Instead of the quasi-OWA operator deﬁned on ½0;1n as Grabisch [18, p. 288] and Calvo et al. [4, p. 57], we intend to adopt
the quasi-OWA operator concept of Fodor et al. [15], where the input vector ðx1; x2; . . . ; xnÞ 2 Rn. For convenience and also as
shown in Deﬁnition 1 and Remark 2 in the following, the deﬁnition domain can inﬂuence the properties of the aggregation
operator. Here, a closed domain ½a; bn is considered, where a; b can be determined from input vector data set, such as
a ¼ min16i6nfxig; b ¼ max16i6nfxig. It is also natural that f ðxÞ should be always meaningful on ½a; b.
Deﬁnition 8. Let f be a continuous strictly monotone function, W ¼ ðw1;w2; . . . ;wnÞ is an OWA operator weighting vector
satisfyingwj 2 ½0;1 and
Pn
j¼1wj ¼ 1. For input vector X ¼ ðx1; x2; . . . ; xnÞ 2 ½a; bn, a quasi-OWA operator can be deﬁned as the
aggregation operator Mf ;W : ½a; bn ! ½a; b given byMf ;Wðx1; x2; . . . ; xnÞ ¼ f1
Xn
j¼1
wjf ðyjÞ
 !
ð13Þwhere f1 is the inverse function of f ; yj is the jth largest of the xi. f ðxÞ is the quasi-arithmetic mean generator and
W ¼ ðw1;w2; . . . ;wnÞ is the OWA operator weight.
For convenience, we will always assume x1 P x2 P   P xn that yj ¼ xj, which means that the orders of the aggregated
elements do not need to be considered.
The quasi-OWA operator includes the following three aggregation operators as special cases:
1. When f ðxÞ ¼ xr; r 2 ð1;þ1Þ, thenMf ;Wðx1; x2; . . . ; xnÞ ¼
Xn
j¼1
wjxrj
 !1=r
This becomes the GOWA operator which is an extension of the OWA operator [49]. The ordinary OWA operator becomes a
special case for r ¼ 1.
2. When f ðxÞ ¼ lnðxÞ, or r ! 0 in the GOWA operator,
Mf ;Wðx1; x2; . . . ; xnÞ ¼
Yn
j¼1
x
wj
j
This becomes the ordered weighted geometric operator which is used in group decision making [45,19].
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 
,Mf ;Wðx1; x2; . . . ; xnÞ ¼ f1 1n
Xn
j¼1
f ðxjÞ
 !
¼ f1 1
n
Xn
j¼1
f ðxjÞ
 !This becomes the quasi-arithmetic mean operator which is also commonly used in the literature [44,17,31,42,41].
Ifwi is generated with the quantiﬁer guided aggregation methodwj ¼ Q jn
 	
 Q j1n
 	
, the quasi-OWA operator (13) can be
expressed asMf ;Q ðx1; x2; . . . ; xnÞ ¼ f1
Xn
j¼1
Q
j
n
 
 Q j 1
n
  
f ðxjÞ
 !
ð14ÞThe quasi-arithmetic mean (13) withW ¼ 1n ; 1n ; . . . ; 1n
 
corresponds to QðxÞ ¼ x. One merit of this method is that the aggre-
gation property depends on the characteristic of QðxÞ, and it has no relation with the dimension number of W.
It is obvious that, among all the three cases of OWA operator, RIM quantiﬁer and quasi-arithmetic mean, the aggregation
results are determined by the characteristics of the operator weights or the generating functions. This characteristic is ex-
pressed with the orness concept, which reﬂects the and-like or or-like property of the aggregation operator. Based on the
orness deﬁnitions of quasi-arithmetic mean, OWA operator and RIM quantiﬁer, respectively, an orness concept for quasi-
OWA operator which can be seen as the orness combination of the OWA operator, the RIM quantiﬁer and the quasi-arith-
metic mean together is proposed in the following. This orness concept and its properties can be seen as the extension of
the known results in Section 2.
Deﬁnition 9. For quasi-OWA operator (13) that is determined by the quasi-arithmetic mean generator f ðxÞ, and the OWA
weights W, respectively, the orness measure of it can be deﬁned as:Xf ;W ¼
f1
Pn
j¼1f aþ njn1 ðb aÞ
 	
wj
 	
 a
b a ð15ÞOtherwise, if the quasi-OWA operator is determined by the quasi-arithmetic mean generator f ðxÞ and the RIM quantiﬁer
QðxÞ, respectively, as (14), the orness measure can be deﬁned as:Xf ;Q ¼
f1
R 1
0 f ðaxþ ð1 xÞbÞdQðxÞ
 	
 a
b a ð16ÞWith the generating function of the RIM quantiﬁer (9), (16) can be expressed asXf ;q ¼
f1
R 1
0 f ðaxþ ð1 xÞbÞqðxÞdx
 	
 a
b a ð17Þ(15), (16) (or (17)) can be seen as the discrete and continuous cases of the same formula with ﬁxed dimension and the
dimension number approaching inﬁnity, respectively.
When f ðxÞ ¼ x,Xf ;W ¼
Pn
j¼1 aþ njn1 ðb aÞ
 	
wj  a
b a ¼
Xn
j¼1
n j
n 1wj ¼ ornessðWÞ
Xf ;Q ¼
f1
R 1
0 f ðaxþ ð1 xÞbÞdQðxÞ
 	
 a
b a ¼
ðaxþ ð1 xÞbÞQðxÞj10 
R 1
0 ða bÞQðxÞdx
 	
 a
b a
¼
aþ ðb aÞ R 10 QðxÞdx 	 a
b a ¼
Z 1
0
QðxÞdx ¼ ornessðQÞWhen QðxÞ ¼ x,Xf ;Q ¼
f1
R 1
0 f ðaxþ ð1 xÞbÞdx
 	
 a
b a ¼
f1
R b
a
f ðyÞdy
ba
 !
 a
b a ¼ XfAll these indicate that the orness concepts of the OWA operator, the RIM quantiﬁer and the quasi-arithmetic mean are the
special cases of quasi-OWA operator orness deﬁnition, respectively.
Remark 1. The orness measures of the quasi-OWA operator and the quasi-arithmetic mean are determined both by f ðxÞ and
the distribution interval of X ¼ ðx1; x2; . . . ; xnÞ; ½a; b (we can set a ¼ min16i6nfxig; b ¼ max16i6nfxig). It is natural that a
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quasi-arithmetic mean with f ðxÞ ¼ 1x, the orness level does not exist on ½0;1 as f ðxÞ ¼ 1x is meaningless at x ¼ 0.
If f ðxÞ ¼ xr and a ¼ 0; b ¼ 1 in (15), thenXf ;W ¼
Xn
j¼1
n j
n 1
 r
wj
 !1
r
ð18ÞThis becomes the orness (attitude character) of Yager’s GOWA operator [49]. Especially when r ¼ 1, it becomes the orness
concept of the ordinary OWA operator.
Remark 2. In the case of GOWA operator, the main difference between the orness measure (15) and that of Yager (18) is that
the former depends on the interval where the aggregated elements are distributed in. This context dependent orness
deﬁnition does not hinder us from getting the same or-like (orness value is greater than 12) or and-like (orness value is smaller
than 12) conclusion for speciﬁc r. But their orness values may be different. Consider an example with w1 ¼ w2 ¼ 0:5 and
f ðxÞ ¼ x2, the GOWA operator orness value with Yager’s method is 0:707, which is the same value of Xf ;W for a ¼ 0; b ¼ 1.
But for a ¼ 100; b ¼ 101; Xf ;W ¼ 0:501. Both of them are and-like, which means the aggregation values are more than the
average of the aggregated elements, but the orness values show that f ðxÞ ¼ x2 is more and-like on ½0;1 than it does on
½100;101. Let us illustrate this with examples. For X ¼ ðx1; x2Þ ¼ ð0;1Þ; Ff ;W ðXÞ ¼ 0:707, but for X0 ¼ x01; x02
  ¼ ð100;101Þ;
Ff ;W ðX0Þ ¼ 100:501; Ff ;W ðX0Þ ¼ 100:501 is closer to the average value 100.5 than Ff ;W ðXÞ ¼ 0:707 does to the average
value 0.5.
The orness of quasi-OWA operator can be seen as the orness measures combination of the OWA operator (or the RIM
quantiﬁer) and the quasi-arithmetic mean together. The main difference between the OWA operator (or the RIM quantiﬁer)
and the quasi-arithmetic mean is that the former is determined by the order relation of the aggregated elements but the
latter associates with the direct computation of the aggregated elements. This makes that the orness of OWA operator (or
RIM quantiﬁer) has no relation with the speciﬁc values of aggregated elements, but for the orness of quasi-arithmetic mean,
the interval in which the aggregated elements distributed must be considered.
As the orness of the quasi-OWA operator is determined by these two kinds of operators: the quasi-arithmetic mean and
the OWA operator (or the RIM quantiﬁer). As shown in Section 3.2, under some function formulation cases, they play differ-
ent roles in the orness determination of a quasi-OWA operator, which reﬂect the overall aggregation effect on the aggregated
elements. The OWA operator (RIM quantiﬁer) orness can be seen as a basis of the quasi-OWA orness level value, and the
orness of quasi-arithmetic mean can be seen as a ﬁne tuning method of the quasi-OWA orness measure.
The following theorems verify the rationality of the orness measure for quasi-OWA operator. As shown in Section 2, sim-
ilar results can also be found in the OWA operator, the RIM quantiﬁer and the quasi-arithmetic mean, respectively [47,29,26].
Theorem 1. 0 6 Xf ;W 6 1; 0 6 Xf ;Q 6 1.
Proof. As f ðxÞ is strictly monotone, it can be assumed that f ðxÞ is strictly increasing, withPnj¼1wj ¼ 1 and R 10 QðxÞdx ¼ 1, then
f ðaÞ 6Pnj¼1f aþ njn1 ðb aÞ 	wj 6 f ðbÞ; f ðaÞ 6 R 10 f ðat þ ð1 tÞbÞdQðtÞ 6 f ðbÞ, from (15) and (16), 0 6 Xf ;W 6 1; 0 6
Xf ;Q 6 1. h
Theorem 2. If X ¼ ðx1; x2; . . . ; xnÞ is evenly distributed in ½a; b, that is xj ¼ aþ njn1 ðb aÞ, j ¼ 1;2; . . . ;n, then
Mf ;WðXÞ ¼ aþXf ;Wðb aÞ and limn!þ1Mf ;Q ðXÞ ¼ aþXf ;Q ðb aÞ.
Proof. From (13) and (15),Mf ;WðXÞ ¼ f1
Xn
j¼1
f aþ n j
n 1 ðb aÞ
 
wj
 !
¼ aþXf ;Wðb aÞAs f1ðxÞ is continuous, from (14),  !
lim
n!1
Mf ;Q ðx1; x2; . . . ; xnÞ ¼ lim
n!1
f1
Xn
j¼1
Q
j
n
 
 Q j 1
n
  
f aþ n j
n 1 ðb aÞ
 
¼ f1 lim
n!þ1
Xn
j¼1
Q
j
n
 
 Q j 1
n
  
f aþ n j
n 1 ðb aÞ
  !Consider an even division of ½0;1 with n intervals ½dj1; dj ðj ¼ 1;2; . . . ;nÞ, where dj ¼ jn ðj ¼ 0;1;2; . . . ;nÞ. Select
d0j ¼ j1n1 ðj ¼ 1;2; . . . ;nÞ, then d
0
j 2 ½dj1; dj, therefore              lim
n!þ1
Xn
j¼1
Q
j
n
 Q j 1
n
f aþ n j
n 1 ðb aÞ ¼ limn!þ1
Xn
j¼1
Q
j
n
 Q j 1
n
f aþ 1 j 1
n 1 ðb aÞ
¼
Z 1
0
f ðaþ ð1 xÞðb aÞÞdQðxÞ ¼
Z 1
0
f ðaxþ ð1 xÞbÞdQðxÞ
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n!þ1
Mf ;Q ðx1; x2; . . . ; xnÞ ¼ f1
Z 1
0
f ðaxþ ð1 xÞbÞdQðxÞ
 
¼ aþXf ;Q ðb aÞ Theorem 3. For all X ¼ ðx1; x2; . . . ; xnÞ; Mkfþc;WðXÞ ¼ Mf ;W ðXÞ; Xkfþc;W ¼ Xf ;W ; Xkfþc;Q ¼ Xf ;Q ðk– 0Þ.
Proof. Let gðxÞ ¼ kf ðxÞ þ c, and g1ðxÞ ¼ y, then x ¼ gðyÞ ¼ kf ðyÞ þ c; y ¼ f1 xck
 
, that is g1ðxÞ ¼ f1 xck
 
.Mg;WðXÞ ¼ g1 wi
Xn
i¼1
gðxiÞ
 !
¼ g1 wi
Xn
i¼1
kf ðxiÞ þ c
 !
¼ f1 wi
Xn
i¼1
f ðxiÞ
 !
¼ Mf ;W ðXÞAs a special case, let xj ¼ aþ njn1 ðb aÞ, from Theorem 2, it can be obtained that Xg;W ¼ Xf ;W :Xg;Q ¼
g1
R 1
0 gðaxþ ð1 xÞbÞdQðxÞ
 	
 a
b a ¼
f1
R 1
0 ðkf ðaxþ ð1 xÞbÞ þ cÞdQðxÞ=k c
 	
 a
b a
¼ f
1ðf ðaxþ ð1 xÞbÞdQðxÞÞ  a
b a ¼ Xf ;Q As (16) and (17) are the different expressions of the same formula, for simpliﬁcation, we will mainly use (17) instead of
(16), due to (16) involves more complicated Riemann–Stieltjes integral computation.
The orness measure also fulﬁlls the duality property.
Theorem 4. For a quasi-OWA operator determined by the quasi-arithmetic mean generator f ðxÞ and the OWA weighting vector
W ¼ ðw1;w2; . . . ;wnÞ (or a RIM quantiﬁer with generating function qðxÞ), Xf ðaþbxÞ;eW ¼ 1Xf ðxÞ;W ; Xf ðaþbxÞ;qð1xÞ ¼ 1 Xf ðxÞ;qðxÞ,
where fW ¼ ðwn;wn1; . . . ;w1Þ is the reverse order of W.
Proof. Let f ðaþ b xÞ ¼ gðxÞ; g1ðxÞ ¼ y, then x ¼ gðyÞ ¼ f ðaþ b yÞ; y ¼ aþ b f 1ðxÞ, that is g1ðxÞ ¼ aþ b f1ðxÞ:X
f ðaþbxÞ;eW ¼ g1
Pn
i¼1g aþ nin1 ðb aÞ
 
wniþ1
  a
b a ¼
b f1 Pni¼1f b nin1 ðb aÞ wniþ1 
b a
¼
b f1 Pnj¼1f aþ njn1 ðb aÞ 	wj 	
b a ¼ 1Xf ðxÞ;W
Xf ðaþbxÞ;qð1xÞ ¼
g1
R 1
0 gðaxþ ð1 xÞbÞqð1 xÞdx
 	
 a
b a ¼
b f1 R 10 f ðbxþ ð1 xÞaÞqð1 xÞdx 	
b a
¼
b f1 R 10 f ðayþ ð1 yÞbÞqðyÞdy 	
b a ¼ 1Xf ðxÞ;qðxÞ From (17), the orness measure of quasi-OWA operator Xf ;q ¼ a is the solution of equationf ðaþ ðb aÞaÞ ¼
Z 1
0
f ðaxþ ð1 xÞbÞqðxÞdxWith the generating function method of quasi-arithmetic mean f ðxÞ ¼ R xa uðtÞdt,Z aþðbaÞa
a
uðtÞdt ¼
Z 1
0
Z axþð1xÞb
a
uðtÞqðxÞdtdxthat isZ a
0
uðaþ ðb aÞtÞdt ¼
Z 1
0
Z 1t
0
uðaþ ðb aÞxÞqðtÞdxdt ¼
Z 1
0
Z 1x
0
uðaþ ðb aÞxÞqðtÞdtdx
¼
Z 1
0
Z 1t
0
uðaþ ðb aÞtÞqðxÞdxdt ð19ÞSimilarly, from (14), it can be obtained that the quasi-OWA operator
Mf ;Q ðx1; x2; . . . ; xnÞ ¼ y is the solution of equationf ðyÞ ¼
Xn
j¼1
Q
j
n
 
 Q j 1
n
  
f ðxjÞthat is
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a
uðtÞdt ¼
Xn
j¼1
Q
j
n
 
 Q j 1
n
  Z xj
a
uðtÞdt ¼
Xn
j¼1
Z j
n
0
qðxÞdx
Z j1
n
0
qðxÞdx
 !Z xj
a
uðtÞdt
¼
Xn
j¼1
Z j
n
j1
n
qðxÞdx
Z xj
a
uðtÞdt ð20Þor Z y
a
uðtÞdt ¼
Xn
i¼1
wj
Z xj
a
uðtÞdtAs a special case, Xf ;W ¼ a is the solution of:Z a
a
uðxÞdx ¼
Xn
j¼1
wj
Z aþnjn1ðbaÞ
a
uðtÞdtLemma 1. For nonzero OWA weighting vector W ¼ ðw1;w2; . . . ;wnÞ; W 0 ¼ w01;w02; . . . ;w0n
 
, if for all i 6 j ði; j ¼
1;2; . . . ;nÞ; wiwj P
w0i
w0j
, then for all k ¼ 1;2; . . . ;n; Pik¼1wi PPik¼1w0i . Correspondingly, for nonzero RIM quantiﬁers QðxÞ; PðxÞ
with generating functions qðxÞ; pðxÞ, respectively, if for all u;v 2 ½0;1; u 6 v ; qðuÞqðvÞP pðuÞpðvÞ, then for all t 2 ½0;1;
R t
0 qðxÞdxPR t
0 pðxÞdx, that is for all x 2 ½0;1, QðxÞP PðxÞ.
Proof. As
Pn
i¼1wi ¼
Pn
i¼1w
0
i ¼ 1,Xk
i¼1
wi 
Xk
i¼1
w0i ¼
Xk
i¼1
wi
Xn
j¼1
w0j 
Xk
i¼1
w0i
Xn
j¼1
wj ¼
Xk
i¼1
wi
Xk
j¼1
w0j þ
Xk
i¼1
wi
Xn
j¼kþ1
w0j 
Xk
i¼1
w0i
Xk
j¼1
wj 
Xk
i¼1
w0i
Xn
j¼kþ1
wj
¼
Xk
i¼1
wi
Xn
j¼kþ1
w0j 
Xk
i¼1
w0i
Xn
j¼kþ1
wj ¼
Xk
i¼1
Xn
j¼kþ1
wiw0j w0iwj
 	If for all i 6 j ði; j ¼ 1;2; . . . ;nÞ; wiwj P
w0
i
w0
j
, then wiw0j w0iwj P 0, that is
Pk
i¼1wi P
Pk
i¼1w
0
i.
Similarly, as
R 1
0 qðxÞdx ¼
R 1
0 pðxÞdx ¼ 1,Z t
0
qðxÞdx
Z t
0
pðxÞdx ¼
Z t
0
qðxÞdx
Z 1
0
pðxÞdx
Z t
0
pðxÞdx
Z 1
0
qðxÞdx ¼
Z t
0
qðxÞdx
Z 1
t
pðxÞdx
Z t
0
pðxÞdx
Z 1
t
qðxÞdx
¼
ZZ
06x6t
t6y61
qðxÞpðyÞdxdy
ZZ
06x6t
t6y61
pðxÞqðyÞdx ¼
ZZ
06x6t
t6y61
ðqðxÞpðyÞ  pðxÞqðyÞÞdxdyIf for all u;v 2 ½0;1; u 6 v ; qðuÞqðvÞP pðuÞpðvÞ, then qðuÞpðvÞ  pðuÞqðvÞP 0, so for 0 6 x 6 t; t 6 y 6 1; qðxÞpðyÞ  pðxÞqðyÞP 0
stands, thus for all t 2 ½0;1, R t0 qðxÞdxP R t0 pðxÞdx. h
Theorem 5. For quasi-OWA operators determined by the quasi-arithmetic mean generator and the RIM quantiﬁer pairs f ðxÞ; QðxÞ
and gðxÞ; PðxÞ with generating functions uðxÞ; qðxÞ and wðxÞ; pðxÞ, respectively, if for all s; t 2 ½a; b; sP t; uðsÞuðtÞP wðsÞwðtÞ, and for all
u;v 2 ½0;1; u 6 v; qðuÞqðvÞP pðuÞpðvÞ, then Xf ;Q P Xg;P, and for any X ¼ ðx1; x2; . . . ; xnÞ with min16i6nfxig ¼ a; max16i6nfxig ¼
b; Mf ;Q ðXÞP Mg;PðXÞ. Replace the RIM quantiﬁers QðxÞ and PðxÞ with OWA operator weighting vectors W ¼ ðw1;w2; . . . ;wnÞ
and W 0 ¼ w01;w02; . . . ;w0n
 
, if for all i 6 j ði; j ¼ 1;2; . . . ;nÞ; wiwj P
w0
i
w0
j
, then Xf ;W P Xg;W 0 and Mf ;W ðXÞP Mg;W 0 ðXÞ.
Proof. Let Xf ;Q ¼ a; Xg;P ¼ b, from (19),Z a
0
uðaþ ðb aÞtÞdt ¼
Z 1
0
Z 1t
0
uðaþ ðb aÞtÞqðxÞdxdtZ b
0
wðaþ ðb aÞtÞdt ¼
Z 1
0
Z 1t
0
wðaþ ðb aÞtÞpðxÞdxdtAs uðtÞ;wðtÞP 0, to prove aP b, we only need to prove thatZ a
0
uðaþ ðb aÞtÞdt P
Z b
0
uðaþ ðb aÞtÞdt
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R 1
0 qðxÞdx ¼
R 1
0 pðxÞdx ¼ 1,Z a
0
uðaþ ðb aÞtÞdt 
Z b
0
uðaþ ðb aÞtÞdt
¼
Z 1
0
Z 1t
0
uðaþ ðb aÞtÞqðxÞdxdt 
Z b
0
uðaþ ðb aÞtÞdt
¼
Z b
0
Z 1t
0
qðxÞdx 1
 
uðaþ ðb aÞtÞdt þ
Z 1
b
Z 1t
0
uðaþ ðb aÞtÞqðxÞdxdt
¼
Z b
0
Z 1t
0
qðxÞdx
Z 1
0
qðxÞdx
 
uðaþ ðb aÞtÞdt þ
Z 1
b
Z 1t
0
uðaþ ðb aÞtÞqðxÞdxdt
¼
Z 1
b
Z 1t
0
uðaþ ðb aÞtÞqðxÞdxdt 
Z b
0
Z 1
1t
uðaþ ðb aÞtÞqðxÞdxdtFor all s; t 2 ½a; b; sP t; uðsÞuðtÞP wðsÞwðtÞ, it can be obtained that uðsÞwðsÞ P uðtÞwðtÞ. Let l1ðxÞ ¼ uðxÞwðxÞ, then l1ðxÞ is increasing, and
l1ðxÞP 0. uðxÞ ¼ l1ðxÞwðxÞ, thusZ a
0
uðaþ ðb aÞtÞdt 
Z b
0
uðaþ ðb aÞtÞdt
¼
Z 1
b
Z 1t
0
l1ðaþ ðb aÞtÞwðaþ ðb aÞtÞqðxÞdxdt 
Z b
0
Z 1
1t
l1ðaþ ðb aÞtÞwðaþ ðb aÞtÞqðxÞdxdt
P
Z 1
b
Z 1t
0
l1ðaþ ðb aÞbÞwðaþ ðb aÞtÞqðxÞdxdt 
Z b
0
Z 1
1t
l1ðaþ ðb aÞbÞwðaþ ðb aÞtÞqðxÞdxdt
¼ l1ðaþ ðb aÞbÞ
Z 1
b
Z 1t
0
wðaþ ðb aÞtÞqðxÞdxdt 
Z b
0
Z 1
1t
wðaþ ðb aÞtÞqðxÞdxdt
 
¼ l1ðaþ ðb aÞbÞ
Z 1
b
Z 1t
0
wðaþ ðb aÞtÞqðxÞdxdt 
Z b
0
1
Z 1t
0
qðxÞdx
 
wðaþ ðb aÞtÞdt
 
¼ l1ðaþ ðb aÞbÞ
Z 1
0
Z 1t
0
wðaþ ðb aÞtÞqðxÞdxdt 
Z b
0
wðaþ ðb aÞtÞdxdt
 
¼ l1ðaþ ðb aÞbÞ
Z 1
0
Z 1t
0
wðaþ ðb aÞtÞqðxÞdxdt 
Z 1
0
Z 1t
0
wðaþ ðb aÞtÞpðxÞdxdt
 
¼ l1ðaþ ðb aÞbÞ
Z 1
0
wðaþ ðb aÞtÞ
Z 1t
0
ðqðxÞ  pðxÞÞdx
 
dtAs for all u;v 2 ½0;1; u 6 v ; qðuÞqðvÞ 6 pðuÞpðvÞ, from Lemma 1,
R 1t
0 ðqðxÞ  pðxÞÞdxP 0, so
R a
0 uðaþ ðb aÞtÞdt 
R b
0 uðaþ
ðb aÞtÞdt P 0, thus aP b, that is Xf ;Q P Xg;P .
Let Mf ;Q ðXÞ ¼ c; Mg;PðXÞ ¼ d, from (20),Z c
a
uðtÞdt ¼
Xn
j¼1
Z j
n
j1
n
qðxÞdx
Z xj
a
uðtÞdt;
Z d
a
wðtÞdt ¼
Xn
j¼1
Z j
n
j1
n
qðxÞdx
Z xj
a
wðtÞdt ð21ÞTo prove cP d, we only need to prove that
R c
a uðtÞdt P
R d
a uðtÞdt.
With
R 1
0 qðxÞdx ¼
R 1
0 pðxÞdx ¼ 1; l1ðxÞ is increasing, l1ðxÞP 0; uðxÞ ¼ l1ðxÞwðxÞ, and (21),Z c
a
uðtÞdt 
Z d
a
uðtÞdt ¼
Xn
j¼1
Z j
n
j1
n
qðxÞdx
Z xj
a
uðtÞdt 
Z 1
0
qðxÞdx
Z d
a
uðtÞdt
¼
Xn
j¼1
Z j
n
j1
n
qðxÞdx
Z xj
a
uðtÞdt 
Z d
a
uðtÞdt
 
¼
Xn
j¼1
Z j
n
j1
n
qðxÞdx
Z xj
a
l1ðtÞwðtÞdt 
Z d
a
l1ðtÞwðtÞdt
 
¼
X
xj>d
16j6n
Z j
n
j1
n
qðxÞdx
Z xj
d
l1ðtÞwðtÞdt 
X
xj<d
16j6n
Z j
n
j1
n
qðxÞdx
Z d
xj
l1ðtÞwðtÞdt
P
X
xj>d
16j6n
Z j
n
j1
n
qðxÞdx
Z xj
d
l1ðdÞwðtÞdt 
X
xj<d
16j6n
Z j
n
j1
n
qðxÞdx
Z d
xj
l1ðdÞwðtÞdt
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Xn
j¼1
Z j
n
j1
n
qðxÞdx
Z xj
wðtÞdt 
Z d
a
wðtÞdt
 
¼ l1ðdÞ
Xn
j¼1
Z j
n
j1
n
qðxÞdx
Z xj
a
wðtÞdt  l1ðdÞ
Z 1
0
qðxÞdx
Z d
a
wðtÞdt
¼ l1ðdÞ
Xn
j¼1
Z j
n
j1
n
qðxÞdx
Z xj
a
wðtÞdt  l1ðdÞ
Z d
a
wðtÞdt
¼ l1ðdÞ
Xn
j¼1
Z j
n
j1
n
qðxÞdx
Z xj
a
wðtÞdt  l1ðdÞ
Z 1
0
pðxÞdx
Z d
a
wðtÞdt
¼ l1ðdÞ
Xn
j¼1
Z j
n
j1
n
qðxÞdx
Z xj
a
wðtÞdt  l1ðdÞ
Xn
j¼1
Z j
n
j1
n
pðxÞdx
Z xj
a
wðtÞdt
¼ l1ðdÞ
Xn
j¼1
Z j
n
j1
n
ðqðxÞ  pðxÞÞdx
Z xj
a
wðtÞdt
¼ l1ðdÞ
Xn
j¼1
Z j
n
0
ðqðxÞ  pðxÞÞdx
Z j1
n
0
ðqðxÞ  pðxÞÞdx
 !Z xj
a
wðtÞdt
¼ l1ðdÞ
Z 1
0
ðqðxÞ  pðxÞÞdx
Z xn
a
wðtÞdt þ l1ðdÞ
Xn1
j¼1
Z j
n
0
ðqðxÞ  pðxÞÞdx
Z xj
a
wðtÞdt 
Z xjþ1
a
wðtÞdt
 
¼ l1ðdÞ
Xn1
j¼1
Z j
n
0
ðqðxÞ  pðxÞÞdx
Z xj
xjþ1
wðtÞdtAs for all u;v 2 ½0;1; u 6 v; qðuÞqðvÞP pðuÞpðvÞ, from Lemma 1,
R j
n
0 ðqðxÞ  pðxÞÞdxP 0, so
R c
0 uðaþ ðb aÞtÞdt 
R d
0 uðaþ ðb aÞtÞdt P
0, thus cP d, that is Mf ;Q ðXÞP Mg;PðXÞ.
Similarly, it can also be proved that Mf ;W ðXÞP Mg;W 0 ðXÞ. From Theorem 2, as a special case of xi ¼ aþ nin1 ðb aÞ, it has
Xf ;W P Xg;W 0 . h
Remark 3. The conditions of Lemma 1 and Theorem 5 can be relaxed to the case of OWAweighting vectors or RIM quantiﬁer
generating functions with zero, that is the condition if for all i 6 j ði; j ¼ 1;2; . . . ;nÞ; wiwj P
w0
i
w0
j
can be replaced with if for all
i 6 j ði; j ¼ 1;2; . . . ; nÞ; wiw0j w0iwj P 0, and for all u;v 2 ½0;1; u 6 v ; qðuÞqðvÞP pðuÞpðvÞ with for all u;v 2 ½0;1; u 6 v;
qðuÞpðvÞ  pðuÞqðvÞP 0. These fractional expressions can make the similarities among the OWA weighting vector, the
RIM quantiﬁer generating function and the quasi-arithmetic mean generating function be more clearly observed.
Remark 4. For nonzero OWA weighting vector W ¼ ðw1;w2; . . . ;wnÞ and W 0 ¼ w01;w02; . . . ;w0n
 
, the condition for all
i 6 j ði; j ¼ 1;2; . . . ; nÞ; wiwj P
w0
i
w0
j
in Lemma 1 and Theorem 5 can also be replaced with a more simpliﬁed and seemingly weaker
condition that wiwiþ1 P
w0
i
w0
iþ1
; i ¼ 1;2; . . . ;n 1, as wiwiþ1 P
w0
i
w0
iþ1
implies wiw0
i
P wiþ1w0
iþ1
, so w1w01
P w2w02
P   P wnw0n, that is for 1 6 i 6 j 6 n;
wiw0j P wjw
0
i, so
wi
wj
P
w0
i
w0
j
.
As the quasi-OWA operator is an extension of the quasi-arithmetic mean and the OWA operator, it can be easily veriﬁed
that the quasi-OWA operator is commutative and idempotent, monotonic, bounded. The satisfaction of these properties im-
plies that the quasi-OWA operator is a mean operator for any choice of f ðxÞ and QðxÞ.
If wðtÞ ¼ 1; pðxÞ ¼ 1 in Theorem 5, then gðxÞ ¼ x; PðxÞ ¼ x ¼ QAðxÞ, soXg;P ¼ 12 ; Mg;PðXÞ ¼ AðXÞ ¼
1
n
Xn
i¼1
xiReplace the RIM quantiﬁer PðxÞ ¼ QAðxÞ with W 0 ¼ WA ¼ 1n ; 1n ; . . . ; 1n
 
, thenXg;W 0 ¼
1
2
; Mg;W 0 ðXÞ ¼ AðXÞIt can be obtained that
Corollary 7. For quasi-OWA operator determined by quasi-arithmetic mean generator f ðxÞ and RIM quantiﬁer QðxÞ, with
generating functions uðxÞ and qðxÞ, respectively, if uðxÞ is increasing and qðxÞ is decreasing, then Xf ;Q P 12, and
Mf ;Q ðXÞP 1n
Pn
i¼1xi, alternatively, if W ¼ ðw1;w2; . . . ;wnÞ with w1 P w2 P   P wn, then Xf ;W P 12, and Mf ;WðXÞP 1n
Pn
i¼1xi,
which means it is or-like; if uðxÞ is decreasing and qðxÞ is increasing, then Xf ;Q 6 12, and Mf ;Q ðXÞ 6 1n
Pn
i¼1xi, alternatively, if
W ¼ ðw1;w2; . . . ;wnÞ with w1 6 w2 6    6 wn, then Xf ;W 6 12, and Mf ;W ðXÞ 6 1n
Pn
i¼1xi, which means it is and-like.
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Theorem 6. For quasi-OWA operators determined by the quasi-arithmetic mean generator and the RIM quantiﬁer pairs f ðxÞ; QðxÞ
and gðxÞ; PðxÞ with generating functions uðxÞ; qðxÞ and wðxÞ; pðxÞ, respectively, if for all t 2 ½a; b; u0ðtÞuðtÞ P w
0ðtÞ
wðtÞ and for all
u 2 ½0;1; q0ðuÞqðuÞ 6 p
0 ðuÞ
pðuÞ , then Xf ;Q P Xg;P, and for any X; Mf ;Q ðXÞP Mg;PðXÞ.
Proof. Let lðtÞ ¼ uðtÞwðtÞ, then l0ðtÞ ¼ u
0 ðtÞwðtÞuðtÞw0 ðtÞ
w2ðtÞ . As uðxÞ; wðxÞ > 0, if for all t 2 ½a; b;
u0 ðtÞ
uðtÞ P
w0 ðtÞ
wðtÞ , then u
0ðtÞwðtÞ
uðtÞw0ðtÞP 0, it has l0ðtÞP 0, which means lðtÞ is increasing on ½a; b, so for all s; t 2 ½a; b; sP t; uðsÞwðsÞ P uðtÞwðtÞ, that is
uðsÞ
uðtÞP
wðsÞ
wðtÞ. Similarly, with the same method. As for all u 2 ½0;1; q
0 ðuÞ
qðuÞ 6
p0 ðuÞ
pðuÞ , it can be obtained that for all
u;v 2 ½0;1; u 6 v; qðuÞqðvÞP pðuÞpðvÞ. From Theorem 5, if for all t 2 ½a; b; u
0 ðtÞ
uðtÞ P
w0 ðtÞ
wðtÞ and for all v 2 ½0;1; q
0 ðvÞ
qðvÞ 6
p0 ðvÞ
pðvÞ , then
Xf ;Q > Xg;P , and for any X; Mf ;Q ðXÞP Mg;PðXÞ. h
Without involving the generating function, Theorem 6 can also be expressed as:
Corollary 8. For quasi-OWA operators determined by the quasi-arithmetic mean generator and the RIM quantiﬁer pairs f ðxÞ; QðxÞ
and gðxÞ; PðxÞ, if for all t 2 ½a; b; f 00 ðtÞf 0ðtÞ P g
00 ðtÞ
g0ðtÞ and for all u 2 ½0;1; Q
00ðuÞ
Q 0 ðuÞ 6
p0 ðuÞ
P0 ðuÞ, then Xf ;Q P Xg;P, and for any
X; Mf ;Q ðXÞP Mg;PðXÞ.
With the convex concept between two functions [3, pp. 49–50], the expression for all t 2 ½a; b; f 00 ðtÞf 0 ðtÞ P g
00 ðtÞ
g0 ðtÞ actually means
that f  g1 is convex, and for all u 2 ½0;1; Q 00ðuÞQ 0 ðuÞ 6 p
0 ðuÞ
P0 ðuÞ means Q  P1 is concave. That is the more convex of the quasi-arith-
metic generator f ðxÞ and the more concave of the RIM quantiﬁer QðxÞ is, the bigger the orness level of the quasi-OWA oper-
ator and the aggregation value will be.
3.2. Two families of parameterized quasi-OWA operators
From Corollary 8, the orness value of a quasi-OWA operator and the aggregation value change with the quasi-arithmetic
mean function and the RIM quantiﬁer function (or the OWAweighting vector). With Deﬁnition 9, the orness measure of qua-
si-OWA operator has two forms with the OWA operator weighting vector and the RIM quantiﬁer, which correspond to the
discrete (with ﬁxed dimension n) and continuous cases (with n !1) of OWA aggregation, respectively. In this section, two
parameterized quasi-OWA operator families with exponential functions and power functions are proposed. For simpliﬁca-
tion, only the RIM quantiﬁer based quasi-OWA operator is considered, which corresponds to the continuous case of the or-
ness measure. The conclusions also stand if the RIM quantiﬁer is replaced with the corresponding discrete OWA weight
elements.
These can also be seen as the direct extensions of the corresponding conclusions in the quasi-arithmetic mean operator
[26].
3.2.1. Quasi-OWA operator with exponential functions
From Theorem 6, for a quasi-OWA operator with quasi-arithmetic mean generator f ðxÞ. To make the quasi-OWA operator
more or-like or and-like, we can increase or decrease the value of expression f
00 ðxÞ
f 0 ðxÞ. The simplest case is to set
f 00ðxÞ
f 0 ðxÞ ¼ k, so
f ðxÞ ¼ C1 þ C2ekx ðk– 0Þ or f ðxÞ ¼ C1 þ C2x ðk ¼ 0Þ. Considering Theorem 3, only f ðxÞ with the following form needs to be
considered:f ðxÞ ¼ e
kx if k– 0
x otherwise


ð22ÞWith the same idea, for the generating function of the RIM quantiﬁer in the quasi-OWA operator, let Q
00 ðxÞ
Q 0 ðxÞ ¼ l, consider that
Qð0Þ ¼ 0 and Qð1Þ ¼ 1, thenQðxÞ ¼
1elx
1el if l – 0
x otherwise
(
ð23ÞFor simpliﬁcation, we will always assume that the aggregated elements are listed in descending order, that is
x1 P x2 P   P xn. The quasi-OWA operator (14), becomesMf ;Q ðx1; x2; . . . ; xnÞ ¼
1
k ln
1e
l
n
1el
Pn
i¼1
e
lði1Þ
n þkxi
 
if k – 0; l– 0
1e
l
n
1el
Pn
i¼1
e
lði1Þ
n xi if k ¼ 0; l– 0
1
k ln
1
n
Pn
i¼1
ekxi
 
if k – 0; l ¼ 0
1
n
Pn
i¼1
xi if k ¼ l ¼ 0
8>>>>>><>>>>>>>:
ð24Þ
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obtained:Xf ;Q ¼
ln lðe
lekðbaÞ Þ
ðel1ÞðlðbaÞkÞ
 	
kðbaÞ if k– 0; l – 0
1
kðbaÞ ln
ekðbaÞ1
kðbaÞ
 	
if k– 0; l ¼ 0
ell1
lell if k ¼ 0; l – 0
1
2 if k ¼ l ¼ 0
8>>>>><>>>>:
ð25ÞRemark 5. It can be veriﬁed that in (25), Xf ;Q is continuous for k and l.
Property 1. For quasi-OWA operator with exponential function (22) and (23), Xf ;Q and Mf ;Q ðXÞ are monotonically increasing for k
and monotonically decreasing for l.
Proof. This can be veriﬁed with Corollary 8 and the above deduction directly. h
From (25), the orness measure can be completely determined by the generating function changing slope parameters k; l,
and the interval length b a is concerned. Furthermore, Xf ;Q is symmetrical for k and l, respectively, that is
Property 2. For quasi-OWA operator with exponential functions, the orness level is only related with the aggregated elements
distribution interval length b a, but have no relationship with its start or end point. And Xf ;Q is a symmetrical function for its
parameters k; l, that is Xf ;Q ðk;lÞ þXf ;Q ðk;lÞ ¼ 1.
Proof. This can be veriﬁed from (25) directly. h
The symmetrical property makes that with a given or-like or and-like quasi-OWA operator, it is easy to get its comple-
mentary operator with the same level of and-like or or-like. For a quasi-OWA operator of exponential functions (22) and (23),
with given orness level a, replacing k; l with k; l, its dual part with complimentary orness level 1 a can be obtained.
The relationships between Xf ;Q and k; b a for different l are shown in Fig. 1.
From these ﬁgures, it can be observed that k; l and b a play different roles in the determination of orness value Xf ;Q ,
respectively. The parameter l in the RIM quantiﬁer function determines the basic orness aggregation level. When l is ﬁxed,
the orness values of the quasi-OWA operator usually have a common intersection point for the distribution interval ½a; b orFig. 1. The orness of exponential function quasi-OWA operator Xf ;Q changes when is l ﬁxed.
X. Liu / International Journal of Approximate Reasoning 51 (2010) 305–334 321the parameter of quasi-arithmetic mean k. Furthermore, the orness value usually changes more ﬂatly for ﬁxed k than the case
for ﬁxed l. So the orness value is mainly determined by the RIM quantiﬁer parameter l, and the quasi-arithmetic mean gen-
erator parameter k can be seen as a ﬁne tuning of the orness level. If l is not selected appropriately, the absolute value of k
must be very large to get the desired orness level.
As the OWA operator or RIM quantiﬁer does not change the aggregation form of quasi-arithmetic mean, associating the
relationship between Xf ;Q and b a in Theorem 2, the shift invariant of the ordinary quasi-arithmetic mean with exponential
function can be extended to the quasi-OWA operator case directly.
Property 3. The quasi-OWA operator is shift invariant if and only if the quasi-arithmetic mean generator has the form of an
exponential function, that is, for any X ¼ ðx1; . . . ; xnÞ and c,Mf ;Wðc þ x1; c þ x2; . . . ; c þ xnÞ ¼ c þMf ;W ðx1; x2; . . . ; xnÞ
orMf ;Q ðc þ x1; c þ x2; . . . ; c þ xnÞ ¼ c þMf ;Q ðx1; x2; . . . ; xnÞ
if and only if f ðxÞ ¼ ekx ðk– 0Þ or f ðxÞ ¼ x.
Proof. Omitted. h
Remark 6. According to (22), the quasi-arithmetic mean generator f ðxÞ ¼ x can be seen as the complementary case of the
exponential function f ðxÞ ¼ ekx ðk– 0Þ with k ¼ 0. And with Theorem 3, f ðxÞ can also be replaced with kf ðxÞ þ c ðk– 0Þ.3.2.2. Quasi-OWA operator with power functions
The quasi-OWA operator with power functions is another family of parameterized quasi-OWA operator changing consis-
tently with its orness level parameters. But the aggregated elements should be the domain Rþ. If the RIM quantiﬁer QðxÞ ¼ x
(or qðxÞ ¼ 1), this becomes the well known root-power mean operator. Some of its properties have been well known
[22,31,24], and are widely used in many areas. Here, only the properties associated with the orness measure are discussed.
Like the quasi-OWA operator with exponential functions, from Corollary 8, if f
00 ðxÞ
f 0 ðxÞ ¼ r1x , then f ðxÞ ¼ C1 þ C2xr ðr – 0Þ or
f ðxÞ ¼ C1 þ C2 ln x ðr ¼ 0Þ. Considering Theorem 3, only the f ðxÞ in the following form needs to be considered:f ðxÞ ¼ x
r if r – 0
lnðxÞ otherwise


ð26ÞTo avoid f ðxÞ being meaningless, only the domain ½a; bwith b > a > 0 can be considered. That is, the aggregated elements
must be positive real numbers of Rþ if the quasi-OWA operator with power functions can be applied. This is different from
the quasi-OWA operator with exponential functions, where the quasi-arithmetic mean generator is always meaningful in R.
The aggregated elements can be any real numbers without limitation.
With the same idea, let Q
00 ðxÞ
Q 0 ðxÞ ¼ s1x then QðxÞ ¼ C1 þ C2xs ðs – 0Þ or QðxÞ ¼ C1 þ C2 ln x ðs ¼ 0Þ. With Qð0Þ ¼ 0; Qð1Þ ¼ 1,
only the case of s – 0 can be considered, soQðxÞ ¼ xs; s– 0 ð27Þ
Obviously, with the RIM quantiﬁer concept of Deﬁnition 4, it should have s > 0.
The quasi-OWA operator becomesMf ;Q ðx1; x2; . . . ; xnÞ ¼
Pn
i¼1
i
n
 s  i1n s 	xri 1r if r – 0Qn
i¼1
x
i
nð Þs i1nð Þs
i otherwise
8>><>>:
where xi > 0.
The orness value of this kind of quasi-OWA operator isXf ;Q ¼
s
R 1
0
ðatþð1tÞbÞr ts1dt
 	1
r
a
ba if r – 0
e
s
R 1
0
lnðatþð1tÞbÞts1dta
ba otherwise
8>><>>: ð28Þ
If a – 0, it can also be expressed asXf ;Q ¼
s
R 1
0
tþð1tÞbað Þr ts1dt
 	1
r
1
b
a1
if r – 0
e
s
R 1
0
ln tþð1tÞbað Þts1dt1
b
a1
otherwise
8>><>>: ð29Þ
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b > a > 0. In some areas, especially the fuzzy logic, we often need to consider the arguments in the domain ½0;1. For the
quasi-OWA operator with exponential function quasi-arithmetic mean generator (22), a quasi-arithmetic mean that makes
Xf ;Q 2 ð0;1Þ can always be obtained. But for the quasi-OWA operator with power function quasi-arithmetic mean generator
(26), f ðxÞmust be continuous and monotone on ½0;1. As the generator f ðxÞ is meaningless at 0 for r 6 0, only the case of r > 0
can be considered. With a ¼ 0; b ¼ 1, (28) becomesXf ;Q ¼ sCðsÞCðr þ 1ÞCðr þ sþ 1Þ
 1
r
; r; s > 0 ð30Þwhere C is gamma function.
From (30), for r 2 ð0;þ1Þ; Xf ;Q can only ranges in e
csþWðsÞsþ1
s ;1
 	
, whereW is the digamma function, the logarithmic deriv-
ative of the gamma function. c ¼ 0:5772156649 . . . is Euler’s constant. The feasible value of Xf ;Q is shown in Fig. 2 (shaded
area). As lims!0e
csþWðsÞsþ1
s ¼ 1 and lims!þ1ecsþWðsÞsþ1s ¼ 0. This means that for the very ‘‘and-like” (Xf ;Q ¼ d is very small) quasi-
OWA operator in the power function form, s must be set big enough to make e
csþWðsÞsþ1
s 6 a. To avoid such condition, we can
use the dual property of Theorem 4 for arguments on ½0;1, to get a quasi-OWA operator with Xf ;Q ¼ d < e
csþWðsÞsþ1
s for some
speciﬁc s, ﬁrst, get a function gðxÞ ¼ xr and PðxÞ ¼ xs with Xg;P ¼ 1 d, then f ðxÞ ¼ gð1 xÞ ¼ ð1 xÞr ; QðxÞ ¼ 1 ð1 xÞs will
be the needed ‘‘and-like” quasi-OWA operator functions. This technique was also used in [24, p. 71] for the quasi-arithmetic
mean with QðxÞ ¼ x as the special case.
An alternative way is that, if these arguments are nonzero and a lower bound a > 0 of them can be obtained, then by con-
sidering the interval ½a;1 rather than ½0;1, (26) will be meaningful for any r 2 R, (28) becomesXf ;Q ¼
s
R 1
0
ðatþð1tÞÞr ts1dt
 	1
r
a
1a if r – 0
e
s
R 1
0
lnðatþð1tÞÞts1dt1
1a otherwise
8>><>>:
For any d 2 ð0;1Þ, with ﬁxed s, the value of r for (26) can always be obtained on the input arguments interval ½a;1, that
makes Xf ;Q ¼ d.
Similar to the properties of quasi-OWA operator with Corollary 8 and (29), we can get that
Property 4. For quasi-OWA operator with power functions (26) and (27), Xf ;Q and Mf ;Q ðXÞ are monotonically increasing for r and
monotonically decreasing for s.
Property 5. For quasi-OWA operator mean with power function, the orness level is only related with the start and end points ratio
b=a, but has no relationship with its start or end point.
The relationships between Xf ;Q and r; b=a for different s are shown in Fig. 3.
It can be observed that, unlike the quasi-OWA operator with exponential functions the quasi-OWA operator with power
functions is not symmetrical for its parameter r and s.
In the same way, the scale invariant property of the quasi-OWA operator with exponential quasi-arithmetic generator can
also be extended to the quasi-OWA operator case.
Property 6. The quasi-OWA operator is scale invariant if and only if the quasi-arithmetic mean generator has the form of a power
function, that is, for any X ¼ ðx1; . . . ; xnÞ ðxi > 0; i ¼ 1;2; . . . ;nÞ and c > 0,Fig. 2. The feasible value of Xf ;Q for a ¼ 0; b ¼ 1.
Fig. 3. The orness of power function quasi-OWA operator Xf ;Q changes when is s ﬁxed.
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orMf ;Q ðcx1; cx2; . . . ; cxnÞ ¼ cMf ;Q ðx1; x2; . . . ; xnÞ
if and only if f ðxÞ ¼ xr ðr – 0Þ or f ðxÞ ¼ ln x.
Remark 7. According to (26), the quasi-arithmetic mean generator f ðxÞ ¼ lnðxÞ can be seen as the complementary case of the
power function f ðxÞ ¼ xr ðr – 0Þ with r ¼ 0. And with Theorem 3, f ðxÞ can also be replaced with kf ðxÞ þ c ðk– 0Þ.
By comparing these two kinds of quasi-OWA operators, we can see that both of them have some interesting properties in
common and of their own. The exponential function quasi-OWA operator is shift invariant and the power function quasi-
OWA operator is ratio invariant for their own quasi-arithmetic mean generators. Another one is that the exponential func-
tion quasi-OWA operator is symmetrical for its parameters k and l, and a pair of operators which have complementary or-
ness measure can be easily obtained, while the power function quasi-OWA operator is not. The last difference between them
is that the exponential function quasi-OWA operator can be applied to the values of any real number in R, but the power
function-based quasi-OWA operator can only be used for the positive real numbers in Rþ (the feasible domain can be ex-
tended to Rþ [ f0g with the dual property).
As shown Theorems 1 and 4, both of these quasi-OWA operators give their aggregation value for any element set consis-
tently changing with their parameters. In fact, both the exponential function and power function-based quasi-OWA opera-
tors can be generated from the same expression f
00 ðxÞ
f 0 ðxÞ ¼ K1ðxÞ by setting K1ðxÞ ¼ k or K1ðxÞ ¼ r1x in the quasi-arithmetic mean,
and Q
00 ðxÞ
Q 0 ðxÞ ¼ K2ðxÞ by setting K2ðxÞ ¼ l or K2ðxÞ ¼ s1x in the RIM quantiﬁer, respectively. Many other parameterized quasi-OWA
operators can be obtained that make the orness value and the aggregation value for any element set change consistently with
K1ðxÞ and K2ðxÞ as their parameterized functions. Unfortunately, the solutions of f 00 ðxÞf 0 ðxÞ ¼ K1ðxÞ and Q
00 ðxÞ
Q 0 ðxÞ ¼ K2ðxÞ cannot be ex-
pressed in an analytical formula in many cases. Trying to ﬁnd out consistent quasi-OWA operators with other form should be
an interesting topic of the future research. These conclusions can also be extended widely if the quasi-arithmetic mean func-
tion and the RIM quantiﬁer function (or OWA weighting vector) are replaced with other appropriate forms. The unique pre-
requisite condition is that the premise of Corollary 8 or Theorem 5 can be satisﬁed.
4. The orness measure for Bajraktarevic´ mean and its properties
In this section, we will discuss another compound quasi-arithmetic mean aggregation operator – the Bajraktarevic´ mean,
which is the combination of the quasi-arithmetic mean and the weighted function average method. Similar results to the
quasi-OWA operator can be obtained.
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The Bajraktarevic´ mean is also called Losonczi mean. It is the combination of the weighted function average operator and
quasi-arithmetic mean [3]. Some properties and related issues were discussed [3,36,13]. Here, the context of ½a; bn instead of
½0;1n is considered, where ½a; b is the interval the aggregated elements distributed in. It is also natural that f ðxÞ should be
always meaningful on ½a; b.
Deﬁnition 10. Let f be a continuous strictly monotone function for the quasi-arithmetic mean generator and wðxÞ be the
weighted function average operator. For input vector X ¼ ðx1; x2; . . . ; xnÞ 2 ½a; bn, a Bajraktarevic´ mean can be deﬁned as the
aggregation operator Mf ;w : ½a; bn ! ½a; b given byMf ;wðx1; x2; . . . ; xnÞ ¼ f1
Pn
i¼1wðxiÞf ðxiÞPn
i¼1wðxiÞ
 
ð31Þwhere f1 is the inverse function of f.
When f ðxÞ ¼ x, thenMf ;wðx1; x2; . . . ; xnÞ ¼
Pn
i¼1wðxiÞxiPn
i¼1wðxiÞThis becomes the weighted function average operator.
When wðxÞ ¼ 1, thenMf ;wðx1; x2; . . . ; xnÞ ¼ f1 1n
Xn
i¼1
f ðxiÞ
 !This becomes the commonly used quasi-arithmetic mean operator.
Remark 8. A general form of the Bajraktarevic´ mean is Mf ;wðx1; x2; . . . ; xnÞ ¼ f1
Pn
i¼1wiðxiÞf ðxiÞPn
i¼1wiðxiÞ
 
. For simpliﬁcation, we
assume that all the weighting functions have the same form.
Similar to the quasi-OWA operator, an orness concept for Bajraktarevic´ mean that can combine the orness measures of
the weighted function average operator and the quasi-arithmetic mean together is proposed in the following.
Deﬁnition 11. For Bajraktarevic´ mean (31) which is determined by the quasi-arithmetic mean generator f ðxÞ and weighting
function wðxÞ, respectively, the orness measure can be deﬁned as:Xf ;w ¼
f1
R b
a
wðxÞf ðxÞdxR b
a
wðxÞdx
 !
 a
b a ð32ÞWhen f ðxÞ ¼ x,Xf ;w ¼
R b
a
xwðxÞdxR b
a
wðxÞdx
 a
b a ¼
R b
a ðx aÞwðxÞdx
ðb aÞ R ba wðxÞdx
These are the orness concepts of the weighted function average [30].
When wðxÞ ¼ x,Xf ;w ¼
f1
R 1
0 f ðaxþ ð1 xÞbÞdx
 	
 a
b a ¼
f1
R b
a
f ðyÞdy
ba
 !
 a
b a
This becomes the orness deﬁnition of the quasi-arithmetic mean [26]. So the orness of Bajraktarevic´ mean can be seen as a
combination of the orness measures of the weighted function average and the quasi-arithmetic mean together.
The following theorems show the rationality of the orness measure for Bajraktarevic´ mean. As shown in Section 2, similar
results can also be found in the weighted function average operator and the quasi-arithmetic mean, respectively [47,29,26].
Theorem 7. 0 6 Xf ;w 6 1.
Proof. As f ðxÞ is strictly monotone, it can be assumed that f ðxÞ is strictly increasing, f ðaÞ 6
R b
a
wðxÞf ðxÞdxR b
a
wðxÞdx
6 f ðbÞ, so
0 6 Xf ;w 6 1. h
Theorem 8. If X ¼ ðx1; x2; . . . ; xnÞ is evenly distributed in ½a; b, that is xj ¼ aþ j1n1 ðb aÞ; j ¼ 1;2; . . . ;n, then
limn!þ1Mf ;wðXÞ ¼ aþXf ;wðb aÞ.
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n!1
Mf ;wðx1; x2; . . . ; xnÞ ¼ lim
n!1
f1
Pn
j¼1f aþ j1n1 ðb aÞ
 	
w aþ j1n1 ðb aÞ
 	
Pn
j¼1w aþ j1n1 ðb aÞ
 	
0@ 1A
¼ f1 lim
n!1
Pn
j¼1f aþ j1n1 ðb aÞ
 	
w aþ j1n1 ðb aÞ
 	
Pn
j¼1w aþ j1n1 ðb aÞ
 	
0@ 1A
¼ f1 lim
n!1
ba
n
Pn
j¼1f aþ j1n1 ðb aÞ
 	
w aþ j1n1 ðb aÞ
 	
ba
n
Pn
j¼1w aþ j1n1 ðb aÞ
 	
0@ 1AConsider an even division of ½a; b with n intervals ½dj1; dj ðj ¼ 1;2; . . . ; nÞ, where dj ¼ jn ðj ¼ 0;1;2; . . . ;nÞ. Select
d0j ¼ j1n1 ðj ¼ 1;2; . . . ;nÞ, then d
0
j 2 ½dj1; dj. Thereforelim
n!1
ba
n
Pn
j¼1f aþ j1n1 ðb aÞ
 	
w aþ j1n1 ðb aÞ
 	
ba
n
Pn
j¼1w aþ j1n1 ðb aÞ
 	 ¼ R ba f ðxÞwðxÞdxR b
a wðxÞdxSo, with (32), limn!þ1Mf ;wðx1; x2; . . . ; xnÞ ¼ f1
R b
a
wðxÞf ðxÞdxR b
a
wðxÞdx
 !
¼ aþXf ;wðb aÞ. h
Theorem 9. For all X ¼ ðx1; x2; . . . ; xnÞ; Mk1 fþc;k2wðXÞ ¼ Mf ;wðXÞ ðk1; k2 – 0Þ.
Proof. Let hðxÞ ¼ k1f ðxÞ þ c, and h1ðxÞ ¼ y, then x ¼ hðyÞ ¼ k1f ðyÞ þ c; y ¼ f1 xck1
 	
, that is h1ðxÞ ¼ f1 xck1
 	Mk1 fþc;k2wðXÞ ¼ Mh;k2wðXÞ ¼ h1
Pn
i¼1hðxiÞk2wðxiÞPn
i¼1k2wðxiÞ
 
¼ h1 k1
Pn
i¼1f ðxiÞwðxiÞPn
i¼1wðxiÞ
þ c
 
¼ f1
Pn
i¼1f ðxiÞwðxiÞPn
i¼1wðxiÞ
 
¼ Mf ;wðXÞ From Theorem 9, the linear transformation invariance in the quasi-arithmetic mean is still kept for the Bajraktarevic´
mean. Similar to the quasi-arithmetic mean, only the case that f is in the set F needs to be considered, where f ðxÞ is con-
tinuous, strictly monotone increasing, non-negative, with f ðaÞ ¼ 0 and f ðbÞ ¼ 1.
Theorem 10. For a Bajraktarevic´ mean determined by the quasi-arithmetic mean generator f ðxÞ and the weighting function
wðxÞ; Xf ðaþbxÞ;wðaþbxÞ ¼ 1Xf ðxÞ;wðxÞ.
Proof. Let f ðaþ b xÞ ¼ hðxÞ; h1ðxÞ ¼ y, then x ¼ hðyÞ ¼ f ðaþ b yÞ; y ¼ aþ b f1ðxÞ, that is h1ðxÞ ¼ aþ b f1ðxÞXf ðaþbxÞ;wðaþbxÞ ¼
h1
R b
a hðxÞwðaþ b xÞdx
 	
 a
b a ¼
b f1 R ba f ðaþ b xÞwðaþ b xÞdx 	
b a ¼
b f1 R ba f ðyÞwðyÞdy 	
b a
¼ 1Xf ðxÞ;wðaþbxÞ From (32), the orness measure of Bajraktarevic´ mean Xf ;w ¼ a is the solution of equationf ðaþ ðb aÞaÞ ¼
R b
a f ðxÞwðxÞdxR b
a wðxÞdx
With the generating function method of quasi-arithmetic mean f ðxÞ ¼ R xa uðtÞdt,Z aþðbaÞa
a
uðtÞdt ¼
R b
a
R x
a uðtÞdtwðxÞdxR b
a wðxÞdx
ð33ÞSimilarly, from (31), it can be obtained that the Bajraktarevic´ mean Mf ;wðx1; x2; . . . ; xnÞ ¼ y is the solution of equationf ðyÞ ¼
Pn
i¼1wðxiÞf ðxiÞPn
i¼1wðxiÞ
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a
uðtÞdt ¼
Pn
i¼1wðxiÞ
R xi
a uðtÞdtPn
i¼1wðxiÞ
ð34ÞSimilar to Theorem 5 in the quasi-OWA case, we also have
Theorem 11. For Bajraktarevic´ means determined by the quasi-arithmetic mean generator and the weighting function pairs
f ðxÞ; w1ðxÞ and gðxÞ; w2ðxÞ, the quasi-arithmetic mean generator f ðxÞ; gðxÞ with generating functions uðxÞ, and wðxÞ,
respectively, if for all s; t 2 ½a; b; sP t; uðsÞuðtÞP wðsÞwðtÞ, and w1ðsÞw1ðtÞP
w2ðsÞ
w2ðtÞ, then Xf ;w1 P Xg;w2 , and for any X ¼ ðx1; x2; . . . ; xnÞ with
min16i6nfxig ¼ a; max16i6nfxig ¼ b, Mf ;w1 ðXÞP Mg;w2 ðXÞ.
Proof. Let Xf ;w1 ¼ a; Xg;w2 ¼ b, from (33),Z aþaðbaÞ
a
uðtÞdt ¼
R b
a
R x
a uðtÞdtw1ðxÞdxR b
a w1ðxÞdx
;
Z aþbðbaÞ
a
wðtÞdt ¼
R b
a
R x
a wðtÞdtw2ðxÞdxR b
a w2ðxÞdx
ð35ÞAs uðtÞ; wðtÞP 0, to prove aP b, it only needs to prove thatZ aþaðbaÞ
a
uðtÞdt P
Z aþbðbaÞ
a
uðtÞdt
Z aþaðbaÞ
a
uðtÞdt 
Z aþbðbaÞ
a
uðtÞdt ¼
R b
a
R x
a uðtÞdtw1ðxÞdxR b
a w1ðxÞdx

Z aþbðbaÞ
a
uðtÞdt
¼
R b
a
R x
a uðtÞdtw1ðxÞdx
R b
a
R aþbðbaÞ
a uðtÞdtw1ðxÞdxR b
a w1ðxÞdx
¼
R b
aþbðbaÞ
R x
aþbðbaÞuðtÞdtw1ðxÞdx
R aþbðbaÞ
a
R aþbðbaÞ
x uðtÞdtw1ðxÞdxR b
a w1ðxÞdx
For all s; t 2 ½a; b; sP t; uðsÞuðtÞP wðsÞwðtÞ ; w1ðsÞw1ðtÞP
w2ðsÞ
w2ðtÞ, it can be obtained that
uðsÞ
wðsÞ P
uðtÞ
wðtÞ ;
w1ðsÞ
w2ðsÞP
w1ðtÞ
w2ðtÞ. Let l1ðxÞ ¼
uðxÞ
wðxÞ ; l2ðxÞ ¼
w1ðxÞ
w2ðxÞ, then l1ðxÞ; l2ðxÞ are increasing, and l1ðxÞ; l2ðxÞP 0. uðxÞ ¼ l1ðxÞwðxÞ; w1ðxÞ ¼ l2ðxÞw2ðxÞ, thusZ b
aþbðbaÞ
Z x
aþbðbaÞ
uðtÞdtw1ðxÞdx
Z aþbðbaÞ
a
Z aþbðbaÞ
x
uðtÞdtw1ðxÞdx
¼
Z b
aþbðbaÞ
Z x
aþbðbaÞ
l1ðtÞwðtÞdtl2ðxÞw2ðxÞdx
Z aþbðbaÞ
a
Z aþbðbaÞ
x
l1ðtÞwðtÞdtl2ðxÞw2ðxÞdx
P l1ðaþ bðb aÞÞl2ðaþ bðb aÞÞ
Z b
aþbðbaÞ
Z x
aþbðbaÞ
wðtÞdtw2ðxÞdx
Z aþbðbaÞ
a
Z aþbðbaÞ
x
wðtÞdtw2ðxÞdx
 !From (35),Z b
a
Z x
a
wðtÞdtw2ðxÞdx
Z b
a
w2ðxÞdx
Z aþbðbaÞ
a
wðtÞdt ¼ 0thenZ b
aþbðbaÞ
Z x
aþbðbaÞ
wðtÞdtw2ðxÞdx
Z aþbðbaÞ
a
Z aþbðbaÞ
x
wðtÞdtw2ðxÞdx ¼ 0So
R aþaðbaÞ
a uðtÞdt P
R aþbðbaÞ
a uðtÞdt P 0, thus aP b, that is Xf ;w1 P Xg;w2 .
Let Mf ;wðXÞ ¼ c; Mg;w2 ðXÞ ¼ d, from (34),Z c
a
uðtÞdt ¼
Pn
i¼1w1ðxiÞ
R xi
a uðtÞdtPn
i¼1w1ðxiÞ
;
Z d
a
wðtÞdt ¼
Pn
i¼1w2ðxiÞ
R xi
a wðtÞdtPn
i¼1w2ðxiÞ
ð36ÞTo prove cP d, it only needs to prove that
R c
a uðtÞdt P
R d
a uðtÞdt.
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a
uðtÞdt 
Z d
a
uðtÞdt ¼
Pn
i¼1w1ðxiÞ
R xi
a uðtÞdtPn
i¼1w1ðxiÞ

Z d
a
uðtÞdt ¼
Pn
i¼1w1ðxiÞ
R xi
a uðtÞdt 
R d
a uðtÞdt
 	
Pn
i¼1w1ðxiÞ
¼
P
16i6n
xi>d
w1ðxiÞ
R xi
d uðtÞdt 
P
16i6n
xi<d
w1ðxiÞ
R d
xi
uðtÞdtPn
i¼1w1ðxiÞ
¼
P
16i6n
xi>d
l2ðxiÞw2ðxiÞ
R xi
d l1ðtÞwðtÞdt 
P
16i6n
xi<d
l2ðxiÞw2ðxiÞ
R d
xi
l1ðtÞwðtÞdtPn
i¼1w1ðxiÞ
P
l1ðdÞl2ðdÞ
P
16i6n
xi>d
w2ðxiÞ
R xi
d wðtÞdt 
P
16i6n
xi<d
w2ðxiÞ
R d
xi
wðtÞdt
0B@
1CA
Pn
i¼1wðxiÞFrom (36),Xn
i¼1
w2ðxiÞ
Z d
a
wðtÞdt 
Xn
i¼1
w2ðxiÞ
Z xi
a
wðtÞdt ¼ 0that isX
16i6n
xi>d
w2ðxiÞ
Z xi
d
wðtÞdt 
X
16i6n
xi<d
w2ðxiÞ
Z d
xi
wðtÞdt ¼ 0So
R c
a uðtÞdt 
R d
a uðtÞdt P 0, thus cP d, that is Mf ;gðXÞP Mp;qðXÞ. h
If gðxÞ ¼ x; w2ðxÞ ¼ 1 in Theorem 11, thenXg;w2 ¼
1
2
; Mg;w2 ðXÞ ¼ AðXÞ ¼
1
n
Xn
i¼1
xiIt can be obtained that
Corollary 9. For Bajraktarevic´ mean determined by quasi-arithmetic mean generator f ðxÞ and weighting function wðxÞ,
respectively, if f ðxÞ is convex and wðxÞ is decreasing, then Xf ;w P 12, and Mf ;wðXÞP 1n
Pn
i¼1xi, the operator is or-like; if f ðxÞ is
concave and wðxÞ is increasing, then Xf ;w 6 12, and Mf ;wðXÞ 6 1n
Pn
i¼1xi, the operator is and-like.
If the generating function is differential and positive, the premise of Theorem 11 can be replaced with a more simpliﬁed
form.
Theorem 12. For two Bajraktarevic´ means determined by the function pairs f ðxÞ; w1ðxÞ and gðxÞ; w2ðxÞ, the quasi-arithmetic
mean operators f ðxÞ; gðxÞ having generating functions uðxÞ and wðxÞ, respectively, if for all t 2 ½a; b; u0ðtÞuðtÞ P w
0 ðtÞ
wðtÞ and for all
u 2 ½a; b; w01ðuÞw1ðuÞP
w02ðuÞ
w2ðuÞ, then Xf ;w1 P Xg;w2 , and for any X; Mf ;wðXÞP Mg;w2 ðXÞ.Proof. Similar to Theorem 6, omitted. h
Theorem 12 can be expressed without the generating function:
Corollary 10. For a pair of Bajraktarevic´ means determined by the quasi-arithmetic mean generator and the weighting function
pairs f ðxÞ; w1ðxÞ and gðxÞ; w2ðxÞ, respectively, if for all t 2 ½a; b; f
00 ðtÞ
f 0ðtÞ P
g00ðtÞ
g0 ðtÞ and for all u 2 ½a; b;
w01ðuÞ
w1ðuÞP
w02ðuÞ
w2ðuÞ, then Xf ;w1 P Xg;w2 ,
and for any X; Mf ;w1 ðXÞP Mg;w2 ðXÞ.
Similar to the quasi-OWA operator, with the convex relation between functions [3, p.49-50], Corollary 10 means that the
more convex the quasi-arithmetic mean generator is and the more increasing the weighting function is, the bigger the orness
level of the Bajraktarevic´ mean and its aggregation value will be.
4.2. Two families of parameterized Bajraktarevic´ means
From Corollary 10, the orness value of a Bajraktarevic´ mean and the aggregation value are determined by the forms of the
quasi-arithmetic mean function and the weighting function, respectively. With these properties, two parameterized
Bajraktarevic´ mean families with exponential functions and power functions are proposed, which can be regarded as another
extension of the ordinary quasi-arithmetic mean case [26], and can also be compared with the quasi-OWA case in parallel.
The contents will be introduced in a brief way.
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From Corollary 10, for a Bajraktarevic´ mean with quasi-arithmetic mean generator f ðxÞ, the generating function of f ðxÞ is
uðxÞ, we can set f 00 ðxÞf 0 ðxÞ and w
0 ðxÞ
wðxÞ ¼ l as the parameter to make a Bajraktarevic´ mean become and-like or or-like. Let
f 00 ðxÞ
f 0 ðxÞ ¼ k; w
0 ðxÞ
wðxÞ ¼ l, and considering Theorem 9, we can getf ðxÞ ¼ e
kx if k – 0
x otherwise


ð37Þ
wðxÞ ¼ elx ð38ÞThe Bajraktarevic´ mean becomesMf ;wðx1; x2; . . . ; xnÞ ¼
1
k ln
Pn
i¼1e
ðkþlÞxiPn
i¼1e
lxi
 
if k– 0Pn
i¼1xie
lxiPn
i¼1e
lxi
if k ¼ 0
8>><>: ð39Þ
This is called the exponential function Bajraktarevic´ mean. From (32) in Deﬁnition 11, the orness level with exponential
functions (37) and (38) can be obtained:Xf ;w ¼
1
2 if k ¼ l ¼ 0
1
kðbaÞ ln
ekðbaÞ1
kðbaÞ
 	
if l ¼ 0; k– 0
lðbaÞelðbaÞelðbaÞþ1
lðbaÞelðbaÞlðbaÞ if l – 0; k ¼ 0
 1lðbaÞ ln lðbaÞelðbaÞ1
 	
if k ¼ l – 0
1
kðbaÞ ln
lðeðkþlÞðbaÞ1Þ
ðkþlÞðelðbaÞ1Þ
 	
if k – 0; l– 0; kþ l– 0
8>>>>><>>>>>>:
ð40ÞRemark 9. It can be veriﬁed that in (40), Xf ;w is continuous for k and l.
Property 7. For Bajraktarevic´ mean with exponential function (37) and (38), Xf ;w and Mf ;wðXÞ are monotonically increasing with
both k and l.
Proof. This can be obtained with Corollary 10 and the above deduction directly. h
From (40), the orness measure can be completely determined by k; l and b a, which are the generating function chang-
ing slope parameters and the interval length, respectively. Furthermore, Xf ;w is symmetrical for k and l, respectively, that is
Property 8. For Bajraktarevic´ mean with exponential functions, the orness level is only related with the aggregated elements
distribution interval length b a, but has no relationship with its start or end point. And Xf ;w is a symmetrical function for its
parameters k; l, that is Xf ;wðk;lÞ þXf ;wðk;lÞ ¼ 1.
Proof. This can be veriﬁed from (40) directly. h
Similarly, the symmetrical property means that for a Bajraktarevic´ mean of exponential functions (37) and (38), the oper-
ator with k; l and k; l have complementary orness level a and 1 a, respectively.
The relationships between Xf ;w and k; b a for different l are shown in Fig. 4.
From these ﬁgures, it can be observed that the orness level Xf ;w increases with k and l, respectively, and the orness level
Xf ;w usually changes more ﬂatly when l is ﬁxed than when k is ﬁxed.
From Fig. 4 and (40), it can be observed that when kþ 2l ¼ 0; Xf ;w ¼ 12, (39) becomesMðX;lÞ ¼
 12l ln
Pn
i¼1e
lxiPn
i¼1e
lxi
 
if l– 0Pn
i¼1xi
n if l ¼ 0
8><>: ð41Þ
We will call this the generalized arithmetic mean which always keeps orness level 12. The function of parameter l in (41) is
shown in the following theorem.
Property 9. MðX;lÞ is symmetrical for l, that is MðX;lÞ ¼ MðX;lÞ, and furthermore liml!1MðX;lÞ ¼
ðmax16i6nfxig þmin16i6nfxigÞ=2.
Proof. With Theorem 8, we only need to prove the case of l! þ1. From (41), with the L’Hospital rule,
Fig. 4. The orness of exponential function Bajraktarevic´ mean Xf ;w changes when is l ﬁxed.
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l!þ1
MðX;lÞ ¼ lim
l!þ1
 1
2l
ln
Pn
i¼1e
lxiPn
i¼1elxi
 
¼ lim
l!þ1
 ln
Pn
i¼1e
lxi
 
2l
þ ln
Pn
i¼1e
lxi
 
2l
¼ lim
l!þ1
Pn
i¼1xie
lxi
2
Pn
i¼1elxi
þ
Pn
i¼1xie
lxi
2
Pn
i¼1elxi
¼ lim
l!þ1
Pn
i¼1xie
lðximin
16i6n
fxigÞ
2
Pn
i¼1e
lðximin
16i6n
fxigÞ þ
Pn
i¼1xie
lðximax
16i6n
fxigÞ
2
Pn
i¼1e
lðximin
16i6n
fxigÞ ¼
max
16i6n
fxig þ min
16i6n
fxig
2
From Theorem 9, we can see that jlj in (41) can be seen as an index of the emphasis on the uneven condition of
X ¼ ðx1; x2; . . . ; xnÞ, when l ¼ 0;MðX;lÞ becomes the arithmetic average of all the elements
Pn
i¼1xi=n. And when
jlj ! þ1, it becomes the arithmetic average of two extreme points ðmax16i6nfxig þmin16i6nfxigÞ=2. If all the elements
are distributed evenly, Mðx1; x2; . . . ; xn;lÞ becomes a constant for all l.
As an example, for X ¼ ð2;3;7;16Þ; P4i¼1xi=4 ¼ 7; ðmax16i64fxig þmin16i64fxigÞ=2 ¼ 9. Replacing l with l in (41) for
simpliﬁcation, the aggregation value becomesMðX;lÞ ¼
1
2l ln
e2lþe3lþe7lþe16l
e2lþe3lþe7lþe16l
 	
l– 0
7 l ¼ 0
(The plot of MðX;lÞ changing with l is shown in Fig. 5.Fig. 5. MðX;lÞ changes with l of the generalized arithmetic mean example.
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the Bajraktarevic´ mean, but the uniqueness cannot be proved in a simple way.
Property 10. The Bajraktarevic´ mean with exponential function forms is shift invariant, that is, if both f ðxÞ ¼ ekx ðk– 0Þ or
f ðxÞ ¼ x and wðxÞ ¼ elx, then for any X ¼ ðx1; . . . ; xnÞ and c,Mf ;wðc þ x1; c þ x2; . . . ; c þ xnÞ ¼ c þMf ;wðx1; x2; . . . ; xnÞRemark 10. Similar to Property 3 in quasi-OWA operator, f ðxÞ ¼ x can be seen as the complementary case of
f ðxÞ ¼ ekx ðk– 0Þ. According to Theorem 9, f and w can be replaced with k1f þ c and k2w, respectively ðk1; k2 – 0Þ.4.2.2. Bajraktarevic´ mean with power functions
The Bajraktarevic´ mean with power functions is another family of parameterized Bajraktarevic´ mean changing consis-
tently with its orness level parameters. But the aggregated elements should be the domain Rþ. If the weighting function
wðxÞ ¼ 1, this becomes the well known root-power mean operator.
Similar to the previous method, let f
00 ðxÞ
f 0 ðxÞ ¼ r1x and w
0 ðxÞ
wðxÞ ¼ sx, and consider Theorem 9, thenf ðxÞ ¼ x
r if r – 0
lnðxÞ otherwise


ð42Þ
wðxÞ ¼ xs ð43Þ
To avoid f ðxÞ being meaningless, only the domain ½a; bwith b > a > 0 can be considered. That is the aggregated elements
must be positive real numbers of Rþ if the Bajraktarevic´ mean with power function generators is applied.
The Bajraktarevic´ mean becomesMf ;wðx1; x2; . . . ; xnÞ ¼
Pn
i¼1x
rþs
iPn
i¼1x
s
i
 1
r
if r – 0
exp
Pn
i¼1 lnðxiÞx
s
iPn
i¼1x
s
i
 
otherwise
8>><>>: ð44Þ
where xi > 0.
In this case, the orness value of this kind of Bajraktarevic´ mean isXf ;w ¼
R b
a
xrþsdxR b
a
xsdx
 !1
r
a
ba if r – 0
e
R b
a
lnðxÞxsdxR b
a
xsdx a
ba otherwise
8>>>><>>>>:
ð45Þthat isXf ;w ¼
ðbrþsþ1arþsþ1Þðsþ1Þ
ðbsþ1asþ1Þðrþsþ1Þ
 	1
r
a
ba if r – 0
e
bsþ1 ðlnðbÞsþlnðbÞ1Þasþ1 ðlnðaÞsþlnðaÞ1Þ
ðsþ1Þðbsþ1asþ1Þ
a
ba otherwise
8>><>>:
If a– 0, it can be expressed asXf ;w ¼
b
að Þrþsþ11
 
ðsþ1Þ
b
að Þsþ11
 
ðrþsþ1Þ
 !1
r
1
b
a1
if r – 0
e
b
að Þsþ1 lnðbaÞsþlnðbaÞ1ð Þþ1
ðsþ1Þ bað Þsþ11
  1
b
a1
otherwise
8>>>>><>>>>:
ð46ÞIn order to keep (42) be always meaningful on ½a; b, it should have b > a > 0. Similar to the case of quasi-OWA operator,
we will consider the case of arguments in the domain ½0;1 as in fuzzy logic. For the Bajraktarevic´ mean with exponential
function generator (37), a quasi-arithmetic mean which makes Xf ;w 2 ð0;1Þ can always be obtained. But for the Bajraktarevic´
mean with power function generators (42) and (43), the generators f ðxÞ or wðxÞ are meaningless at 0 for r 6 0 or s < 0, only
the case of r > 0 and sP 0 can be considered. With a ¼ 0; b ¼ 1, (45) becomesXf ;w ¼ sþ 1r þ sþ 1
 1
r
; r > 0; sP 0 ð47Þ
Fig. 6. The feasible value of Xf ;w for ½0;1.
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does not exist Bajraktarevic´ mean with power functions (42) and (43) of orness level Xf ;w < e1=ð1þsÞ. Suppose that we want to
get Bajraktarevic´ mean with Xf ;w ¼ d < e1=ð1þsÞ for certain s. With the dual property of Theorem 10, as the technique used in
[24, p. 71], we can ﬁrst get a function uðxÞ ¼ xr; vðxÞ ¼ xs with Xu;v ¼ 1 d, then f ðxÞ ¼ uð1 xÞ; wðxÞ ¼ vð1 xÞ will be the
needed function generators.
An alternative way is that, if these arguments are nonzero and a lower bound a > 0 of them can be obtained, then by con-
sidering the interval ½a;1 rather than ½0;1, (42) will be meaningful for any r 2 R, (45) becomesXf ;w ¼
ð1arþsþ1Þðsþ1Þ
ð1asþ1Þðrþsþ1Þ
 	1
r
a
1a if r – 0
e
ð1asþ1ÞðlnðaÞsþlnðaÞ1Þ
ðsþ1Þð1asþ1 Þ
a
1a otherwise
8>><>>:
From the discussions above, for any d 2 ð0;1Þ, with ﬁxed s, the value of r for (42) can always be obtained on the aggre-
gated elements distribution interval ½a;1, which makes Xf ;w ¼ d.
Property 11. For Bajraktarevic´mean with power functions, the orness level is only related with the start and end points ratio b=a,
but has no relationship with its start or end point.
Proof. This can be seen from (46) directly. h
The relationships between the orness value Xf ;w and r; b=a for different s are plotted in Fig. 7.
It can be observed that, unlike the Bajraktarevic´ mean with exponential functions, the orness level of the Bajraktarevic´
mean with power functions is not symmetrical for its parameter r and s.
Similar to the properties of Bajraktarevic´ mean with exponential functions, it also has
Property 12. For Bajraktarevic´mean with power functions (42) and (43), Xf ;w and Mf ;wðXÞ are monotonically increasing for both
r and s.
Proof. Similar to Theorem 7, this can be obtained with Corollary 10 directly. h
From (44), the Bajraktarevic´ mean with power function quasi-arithmetic mean generator is a parameterized generalized
mean of scale invariance.
Property 13. The Bajraktarevic´ mean with power function forms is scale invariant, that is if f ðxÞ ¼ xr ðr – 0Þ or f ðxÞ ¼ ln x and
wðxÞ ¼ xs, then for any X ¼ ðx1; . . . ; xnÞ ðxi > 0; i ¼ 1;2; . . . ;nÞ and c > 0,Mf ;wðcx1; cx2; . . . ; cxnÞ ¼ cMf ;wðx1; x2; . . . ; xnÞRemark 11. Similar to Property 6 in quasi-OWA operator, f ðxÞ ¼ ln x can be seen as the complementary case of
f ðxÞ ¼ xr ðr – 0Þ. According to Theorem 9, f and w can be replaced with k1f þ c and k2w, respectively ðk1; k2 – 0Þ.
The comparisons of the exponential function and power function Bajraktarevic´ means are very similar to that of the qua-
si-OWA operator. A very interesting point is that for exponential function Bajraktarevic´ mean, there is a very simple expres-
sion of the extended arithmetic mean (41) to keep the orness level 0:5, but such principle is not found in the power function
Bajraktarevic´ mean. Furthermore, from Theorems 7 and 12, these Bajraktarevic´ mean operator determination methods can
also be extended to some more general forms such as f
00 ðxÞ
f 0 ðxÞ ¼ K1ðxÞ and w
0 ðxÞ
wðxÞ ¼ K2ðxÞ instead of the two special cases with
K1ðxÞ ¼ k and K2ðxÞ ¼ l or K1ðxÞ ¼ r1x and K2ðxÞ ¼ s1x .
Fig. 7. The orness of exponential function Bajraktarevic´ mean Xf ;w changes when s is ﬁxed.
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By considering the conclusions of the quasi-OWA operator and the Bajraktarevic´ mean together, as two extension forms
of the quasi-arithmetic mean, both of them have some interesting properties. Here, we will try to summarize and give a com-
parison of them:
1. The orness measure is an important property of the aggregation operator. For aggregation operator determination prob-
lems, we often need to derive the parameter of aggregation operator yielding a desired orness. The paper gives the def-
initions of two compound quasi-arithmetic mean operators, where the analytical expression can always be obtained.
They can avoid the multiple integral computation of the general orness concept, which makes it possible to obtain the
orness formula for some commonly used function expressions. By deriving the parameter of aggregation operator from
such analytical expressions, we can determine the aggregation operator if the orness value is given.
2. Both of these two kinds of orness deﬁnitions satisfy the common properties which other aggregation operator orness
have: standardization, uniformity, duality and consistency. The orness level of these aggregation operators is determined
by both the function forms and the interval in which aggregation elements distributed. In a general sense, for a contin-
uous function-based average operatorF on ½a; b, with the uniformity property, the orness of a general average aggrega-
tion operator F can be deﬁned as:ornessðFÞ ¼ limn!þ1FðXÞ  a
b a ð48Þ
where X ¼ ðx1; x2; . . . ; xnÞ distributes evenly on ½a; b that xi ¼ aþ nin1 ðb aÞ.The orness deﬁnitions of the RIM quantiﬁer,
the quasi-arithmetic mean, the weighted function average operator, the quasi-OWA operator with RIM quantiﬁer and
the Bajraktarevic´ mean can all be derived from this expression. The standardization property can be partially derived
from the bound characteristic of the average operator. This is also the reason that why (6) and (12) are very different
at ﬁrst glance, but they obey the same principle. Here, we just give the orness deﬁnitions for the two forms of quasi-arith-
metic extension. With (48), the method in this paper can be extended to other function-based simple or compound aggre-
gation operators.
3. The common characteristics of the orness measure still hold in these two types of compound aggregation operators. Both
of these aggregation operators can be seen as the extensions of the quasi-arithmetic mean. For quasi-OWA operator, the
more convex the quasi-arithmetic mean generator is and the more concave the RIM quantiﬁer membership function is,
the bigger the orness level of the quasi-OWA operator and its aggregation value will be. But for Bajraktarevic´ mean, the
more convex the quasi-arithmetic mean generator is and the more increasing the weighting function is, the bigger the
orness level of the quasi-OWA operator and its aggregation value will be. These characteristics not only verify the ratio-
nality of these orness deﬁnitions, but also make it possible to be extended to other aggregation operators. With these
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some general way.
4. Both the function generators in the quasi-OWA operator and the Bajraktarevic´ mean can be set in the exponential and
power function forms, respectively. With these aggregation operators, the aggregation value for any set changes consis-
tently with the orness level. The aggregation operators with exponential function are shift invariant and their orness val-
ues are symmetrical to their parameters. The aggregation operators with power function are ratio invariant, but usually
are not symmetrical to their parameters despite that they are commonly used in applications. For quasi-OWA operator,
the uniqueness of shift invariance and ratio invariance for the exponential function and power function operator are ver-
iﬁed. But the uniqueness property is not proved in the Bajraktarevic´ mean.
5. From these discussions, we can also see that the quasi-arithmetic mean generator, the RIM quantiﬁer, and the weighting
function play different roles in the aggregation process. For quasi-OWA operator, the RIM quantiﬁer (OWA operator)
determines the basic orness level and the quasi-arithmetic mean can be seen as a ﬁne tuning tool. The orness levels usu-
ally have a common intersection point if the RIM quantiﬁer is ﬁxed. Such phenomenon does not hold for the Bajraktarevic´
mean, although the parameter in weighting function has more inﬂuence than that in the quasi-arithmetic mean, and they
usually have a common intersection point with orness level 0.5.
6. The common properties of the quasi-OWA operator and the Bajraktarevic´ mean make us consider the aggregation oper-
ators in a more generic formMf ;gðx1; x2; . . . ; xnÞ ¼ f1ðgðf ðx1Þ; f ðx2Þ; . . . ; f ðxnÞÞÞ
where g can be some average operator or the ordinary aggregation operator which can include the OWA operator or the
weighted function average as special cases.
6. Conclusions
The paper ﬁrst summarizes the orness measures of the four types of averaging operators: the quasi-arithmetic mean, the
OWA operator, the RIM quantiﬁer, and the weighted function average operator, respectively. They all can be seen as the
parameterized extension of the minimum, the arithmetic average, and maximum. Some common characteristics of these or-
ness measures can be observed. They include the standardization, uniformity, duality and consistency properties.
Then, the paper proposes the orness measures for two compound forms of the quasi-arithmetic mean: the quasi-OWA
operator and the Bajraktarevic´ mean. With the generating function technique, some properties of these orness measures
are discussed. Two kinds of parameterized quasi-OWA operators and Bajraktarevic´ means with exponential functions and
power functions are proposed, respectively. The exponential function quasi-OWA operator and Bajraktarevic´ mean are sym-
metrical for their parameters. They are shift invariant. One can easily get its complementary part with given orness level. The
power function quasi-OWA operator can be seen as the extension of the generalized OWA operator, while the power func-
tion Bajraktarevic´ mean can be seen as the extension of the commonly used power root means and the weighted function
average method. They are ratio invariant. The relationships and some extensions on the orness expressions of these aggre-
gation operators are also discussed.
As the researches on the compound operators are relatively sparse due to their complicated forms, the results of this pa-
per should be useful for the further studies on these compound operators and other averaging aggregation operators both in
theories and applications.
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